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1. It is a fundamental principle in quantum mechanics that, when the time
and distance scales in a system are large enough relative to Planck’s constant A,
the system will approximately obey the laws of classical, Newtonian me-
chanics. To confound the uninitiated who think that physical constants are
immutable this is usually rephrased: in the limit 2 - 0 quantum mechanics
tends to Newtonian mechanics. In either form this principle says very little.
Quantum mechanics would not be widely accepted if it did not predict that
boulders and freight trains obey Newton’s laws. Quasi-classical approxima-
tions express this limiting behavior in more useful ways, through formulas for
expectations, energy levels, etc. which are asymptotic to the exact formulas as
h — 0. The paradigm of such a formula is Bohr’s energy quantization law. Bohr
actually deduced this before the “exact” formula was introduced by Schro-
dinger. Nonetheless, Bohr’s law can be rederived and generalized as a quasi-
classical approximation. Quasi-classical approximations for problems with
more than one degree of freedom are rather new. The first book to deal with
them in some generality was Maslov’s remarkable monograph [8]. In his
preface to the French translation of [8] Jean Leray noted that a mathematician
reading it would read much more between the lines than on them. Quasi-
classical approximations in quantum mechanics (= QAQM) and Lagrangian
analysis and quantum mechanics (= LAQM) are not so much sequels to [8] as
systematic efforts to fill in those missing lines. (In this review we use the exact
English translation of the Russian title of the book of Maslov and Fedoriuk.
“Quasi-classical” and “semi-classical” appear to be used equally often in the
English literature.)
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To discuss the contents of QAQM and LAQM and relate them to other
works on this subject we will need to explain a bit how quasi-classical
approximation works. One begins with a linear partial differential equation
which can be put in the form

N
(D) 0=Pu= 3 e¢/P(x,eD)u,
j=0
where P;(x, £) is a polynomial in the second variable, D = (9 /idx,...,d/idx,)
as usual, and e is a parameter. Important simple examples are
(2a) Schrodinger’s equation
€ du €2
7 E = mAu + Vu.
(2b) Schrodinger’s equation for energy levels

2
Eu = iAu + Vu.
2m

(2¢) The wave equation
82
—E—)_t% = c?(x)Au.

In (2a) and (2b) € is the constant # = (27)~'h of the physics literature.To put
(2¢) in the form above you must multiply by /4%, but that is permissible. Then
one looks for approximate solutions to (1) in a special form,

(3) u= e’S(x)/‘(ao(x) +ea(x)+--- +€MaM(x))

where the functions S(x), a,(x),...,a,,(x) do not depend on €, and S(x) is
real-valued. Where (3) comes from is a long story whose end we could not hope
to reach here. The point is that (3) works. Applying the operator P in (1) to

this « and equating the coefficients of €/, j = 0,1,...,M + 1, to zero, one gets
a sequence of equations beginning with
(4) Po(x, -g—g—(x)) =0 (frome°)

and followed by M + 1 linear, first order partial differential equations which
can be solved successively to determine a,,...,a,,. The equation (4) is solved
by the method of characteristics: one prescribes S on a hypersurface H and
chooses the normal derivative of S on H so that (4) holds on H. Then one
solves

dPy(x, & dPy(x, §
(5) % = 0(8'); )’ §=— O(ai )

with x(0, y) = y and £(0, y) = 0S(y)/0x for y € H. The desired function S
satisfies

(6) 3 (x5, y) = (5. )
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and one recovers S from (6). One can explain (6) by the invariance of the
canonical 2-form on 7*(R") under Hamiltonian flows or as a magical compu-
tational fact, according to personal preference.

At this point one has

Pu = e"5/g(x, ¢€)

where g and its derivatives are O(¢™*?) and it is rather simple to show that u
is asymptotic to the true solution to the corresponding problem as € — 0. For
the Schrodinger equation (2a) and the wave equation (2c) the natural problem
is the Cauchy problem with Cauchy data at 1 = 0 equal to those of u. In this
case one concludes u is asymptotic because the Cauchy problem is well posed.

The procedure described thus far goes under several names: the WKB
method, the geometric optics expansion, and others, but we won’t attempt to
trace its lineage here. Suffice it to say that it was well understood prior to 1960.
The issue in all subsequent work on these problems has been what to do about
the following bug in the method: everything breaks down if the mapping

®:(s,y) > x(s, p)

fails to be invertible. This has the effect of limiting constructions of asymptotic
solutions for Cauchy problems to short time intervals, and it is completely fatal
when one attacks eigenvalue problems like (2b). The starting point for over-
coming the difficulty is the observation that (x(s, y), &(s, y)),y € H, —00 <s
< o0, is a smooth n-dimensional manifold A in R?". The canonical form

"_,d&' A dx' vanishes on the tangent space of A, and it has become standard
to call such manifolds “lagrangian”. In the case of Schrodinger’s equation the
equations (5) are just

fm e =13, %=1,
m

(7) . (174 ;
g":_‘ixj’ l:1,...,3, 50:0’

and, if we identify x, with time and §, with energy, we see that A is just a set
of classical Newtonian trajectories for our system in phase space (with time
and energy included). The noninvertibility of ® corresponds to intersections in
the trajectories when we project A down to configuration space. In optics the
image of the set where the jacobian of ® vanishes was known as the “caustic”
set, since geometric optics predicts the intensity of light will be infinite there,
and this term has also become standard.

To build asymptotic solutions near the caustic set one needs to enlarge the
class of functions considered in (3). This is done by making the new ansatz:

(8) u= fkeis""“)/‘(ao(x, a) + - +eMay(x, @) da.
R

One wants these functions to match up with those of (3) when the projection of
A onto x-space is nonsingular. Since all contributions to « in (8) from integrals
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over sets where 0S(x, a)/da # 0 are O(e™) for all m, one decides that
_((. 8s S
Ay = {(x, Ix (x, a)) e (x,a) = 0}

should be a subset of A, and asks that 3S(x, a)/da = 0 define a smooth
n-dimensional manifold in R" X R, This idea or at least the systematic
exploitation of it is due to Maslov. There are several ways to introduce S(x, «)
so that A is a subset of A. The method of [8] and QAQM is based on the fact
that locally one can always choose n of the variables (x, £) so that L has a
nonsingular projection onto these variables; that of Duistermaat and
Hormander in [3, 5 and 2] is based on the fact that, after a change of variables
induced by a local change of variables in x-space, A has a nonsingular
projection onto the &-variables. Either way one finds an open cover O,, i € I,
of A and an S; with the desired properties for each O, in the cover. If O, has a
nonsingular projection onto x-space, (92S/da;da ;) must be nonsingular and
one can solve 3S/da = 0 for a(x) by the implicit function theorem. In this
case the integral in (8) has a very well-known asymptotic expansion by the
method of stationary phase

)
e(10/4+S(x, a(x))/€)

k/2 (
|det 32S(x, a(x))/da?|'/?

u~e€

ao(x, a(x)) +efi(x) + €zfz(x) +oe ),

where o is the signature of 32S/0a?. Thus (8) does reduce to (2) with the
correct S for our problem when A projects onto x-space nonsingularly.

The problem now is how to choose ay(x, a),...,a,,(x, a) so that (8) is an
asymptotic solution of (1). The most naive way to approach this would be to
work a little harder in the construction of S(x, «) so that

as B
Po(x, g(x, a)) =0

holds identically in (x, @) and not just on A. Then one could solve for the
functions ay(x, a),...,a,(x, @) exactly as in the geometric optics expansion.
This actually works as long as x in (5) never vanishes on A. Hence it suffices
for the Schrodinger and wave equations. However, it is not adequate for the
Schrodinger eigenvalue problem (2b) where it always fails when n = 1, and this
approach has never been taken in the literature to date.

The approach in QAQM is that of [8], where some of the x-variables in
a,(x, a) are suppressed and the parameters « are introduced in such a way that

M

a(x,a, h) = €a,x,a)
i=0

can be identified with a function on A. Then (8) is interpreted as an operator
K, the “precanonical operator”, acting on a(x, «, €). To make u in (8) satisfy
the differential equation to “order €¢” one finds the operator Q, such that
PK = K(Q, + O(e*)) and requires Qya, = 0. This amounts to the same thing
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as simply applying P to u and “differentiating under the integral sign”. This
gives

(10) Pu=/eis/‘(P0(x, %g—) + R, + 0((2))a(x,a,e)da

where R, is a first order differential operator in x with coefficients of order e.
Since Py(x, 9S/dx) = 0 when 0S/da = 0, one can integrate by parts in a and
replace Py(x,0S/0x), by a first order differential operator Rj in a with
coefficients of order e. The operator R, + R{ is Q,. When one identifies A
with its pre-image in (x, a)-space, Q, lifts to a well-defined differential
operator on A (its top order part is just the Hamiltonian vector field from (5))
and it makes sense to require Qya, = 0 on A.

At this point enough machinery has been introduced to make it possible to
study the local behavior of quasi-classical approximations near the caustic sets.
However, in some instances, particularly the eigenvalue problems (2b), one
wants global constructions, where the approximations u; associated with differ-
ent O,’s in the cover of A are patched together to give a well-defined function
on R”. To do this Maslov and Fedoriuk follow [8] and introduce the “canonical
operator” by adding a factor for each O, before a(x, a, €) under the integral
sign in (8). In the case that O, N O; has a nonsingular projection onto x-space,
these factors cancel out the change in

20 |71/2

det—
9o

oo a5 |
4 0a?

as one goes from O; to O; (see (9)). Modulo some cohomological restrictions
which will be discussed shortly, this makes it possible to define the canonical
operator on all of C§°(A), and the new Q, becomes a globally defined operator
on A. An alternate (but equivalent) approach used in the expositions of the
theory that came after [8] is to try to define the lowest order part in €, or
“principal symbol” of u(x). As one might (conceivably) guess from (9) this
principal symbol has to be defined as 1-density on A with values in a Z-bundle
over A (cf. [2 and 12]) or as a “$-form on A” (cf. [4]). Readers who want to be
involved in as little geometry or topology as possible may prefer QAQM; those
who like geometry will prefer 3-densities and those who like both geometry
and algebra will like 1-forms. All three approaches lead to the same point: one
sees how to define global quasi-classical approximation pieced together from
the functions in (8).

This lengthy introduction will end with a description of what one can do by
this method in the problem (2b). For the Schrodinger eigenvalue problem one
looks for cases where A is compact, and one immediately encounters the
cohomological obstruction mentioned earlier. For any closed curve C on A, the
phase S/2me must increase by the “action” (27e)™' [ £ - dx as one goes around
C, since VS = £ on A. Note that, since X d§; N dx; vanishes on A, the action
depends only on the cohomology class of C. At the same time one has to
consider the cumulative effect of the exponential factors analogous to
exp(im/4)sgn(9S/0a?) in (9). One of the main points of [8], which was
partially anticipated by Keller [6] and further explained by Arnol’d [1], was







