BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 12, Number 1, January 1985

SOME RECENT DEVELOPMENTS IN FOURIER ANALYSIS
AND HP-THEORY ON PRODUCT DOMAINS!

BY SUN-YUNG A. CHANG AND ROBERT FEFFERMAN

Introduction. In this article we wish to discuss a theory which is still
developing very rapidly. It is only quite recently that many of the aspects
of Fourier analysis of several parameters have been discovered, even though
much of the corresponding one-parameter theory has been well known for
some time. The topics to be covered include differentiation theory, singular
integrals, Littlewood-Paley theory, weighted norm inequalities, Hardy spaces,
and functions of bounded mean oscillation, as well as many other related
topics. We shall begin in Part I by attempting to give a broad overview of
some of the one-parameter results about these topics. The discussion here is,
however, anything but encyclopedic. (For more detailed treatments of these
matters in the one-parameter setting, the reader can consult such excellent
treatments as E. M. Stein, Singular integrals and differentiability properties of
functions [75], R. R. Coifman and G. Weiss, Extensions of Hardy spaces and
their use in analysts [30], and, in the classical domain of the disc, D. Sarason,
Function theory on the unit circle [72], and J. Garnett, Bounded analytic
functions [46].) In Part II we take up these same areas in the two-parameter
setting. Since this theory is less well known than the material of Part I, we
go into greater detail and devote separate sections to each of several of the
above topics.

PART I. THE ONE-PARAMETER THEORY

To begin with the one-parameter theory, perhaps the most basic part is the
differentiation of integrals and the maximal function of Hardy-Littlewood. If
f is a function on R™ which is Lebesgue integrable, and if

4@ = g o (O

denotes the average value of f over the ball with center z and radius r, then
1in})Ar(f)(x) = f(z) for a.e. z € R".

This fundamental result of Lebesgue, proved in the earlier years of the century,
was applied immediately in a number of contexts. For example, Lebesgue saw
that it could be used to show that for integrable functions of one variable, the
arithmetic means of the partial sums of the Fourier series converge pointwise
almost everywhere.
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For the development of Fourier analysis, the most far reaching result con-
nected with Lebesgue’s theorem was that of Hardy-Littlewood in the early
thirties-the Hardy-Littlewood Maximal Theorem. It said that if we consider
the operator

M f(z) = sup A-(|f)(=),
r>0

then
IMfllp < Cpllfllp forp>1,
and for L!-functions,

m{Mf>a}<(C/a)|fll1 foralla>0

(where || f||, denotes the LP-norm for p > 1). This maximal theorem is easily
seen to imply Lebesgue’s theorem, and the maximal function and its variants
have played a leading role in many areas of analysis, including singular integral
operators and Hardy spaces.

The deepest part of the maximal theorem is the estimate

m{Mf > a} <(C/a)|fll1,

and this, in turn, depends on a geometric covering lemma. The covering
lemma says, roughly, that from an arbitrary collection of balls in R™ we may
select a disjoint subcollection whose total volume is at least a fixed fraction
of the volume in the whole collection. It is interesting to note that if, in R™,
we denote by Ay, r,.....r. (f)(z) the average of f over the rectangle centered at
T with sides parallel to the axes of lengths r1,72,...,7r,, and if f € L}(R"),
then for every z € R™
lim A'I‘1 3 T250003Tn (f) (z)
71,7250, Tn—0

may not exist when n > 1! On the other hand, if ay(r), a2(r),...,an(r) are
increasing functions of r > 0, and if A,(f)(z) denotes the average over the rect-
angle centered at = with sides parallel to the axes of lengths a;(r), a2(r),. ..,
an(r), then, if f € LY(R™), lim,_,0 A-(f)(x) again exists a.e. [85].

What these results tell us is that if we are interested in differentiating the
integral of an integrable function in R™, then, very roughly speaking, it is
not the number of dimensions n that is important, but rather the number
of parameters indexing the sets we are averaging over: only one-parameter
families of sets can be expected to differentiate the integrals of Lebesgue
integrable functions in R"™.

The next topic we discuss in the classical theory is interpolation. This
notion is already used in proving the Maximal Theorem. We said above that
the basic estimate for the Hardy-Littlewood operator is

1) m{Mf > o} < (C/a)|fll1-

Since, naturally, any average of a bounded function does not exceed the bound
of that function, we also have

() IM flloo < [|flloo-
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It turns out, according to a celebrated theorem of Marcinkiewicz, that any
linear, or even sublinear, operator T satisfying the L!-estimate (1) and L™-
estimate (2) is bounded on LP(R™) for all 1 < p < oo. There are a great
many theorems these days of this same form-namely, if a linear operator T is
bounded between spaces X and Yy and also bounded between another pair
of spaces X; and Y;, then T is automatically bounded as an operator from
X to Y for some appropriate intermediate pair of spaces. To give just one
other example, if a linear operator T is bounded on the Hardy space H!(R')
and also bounded on L2(R?!), then it must be bounded on LP(R!) for all p
between 1 and 2 [44]. There are many, many more examples of this general
technique of interpolation.

In this setting of the maximal function and interpolation, another area of
real variables and Fourier analysis developed—singular integrals of Calderén-
Zygmund. These singular integral operators are generalizations, to the setting
of R™, of the Hilbert transform H on R!. H is defined by the nonabsolutely
convergent integral

#w= [ se-9%.

It turns out that this operator is enormously important for several reasons.
Here we shall content ourselves with two of them.

First, there is the connection with complex analytic functions. Suppose
f(z) is real valued and U(z,y) is the harmonic extension (Poisson integral) of
f(z) to the upper half-plane R2. Let V(z,y) be the unique harmonic function
vanishing as y — oo so that U + 1V is analytic in R2. Then the boundary
values of V are none other than H f(z). Thus, if we identify functions on R!
with their harmonic extensions to R}_, then H is the map which sends the
real part of a complex analytic function to its imaginary part.

The other important reason for considering H is the connection with
Fourier analysis of functions on R!. If f is a “nice” function on R' and

for= [ 1@eeeds

is the Fourier transform of f, we wish to know in what sense the Fourier
integral

/ f(e)eee de
Rl

represents f(z). It turns out that for f € LP(R'), 1 < p < oo, the integrals
+R
[ eeiceae
-R

converge to f(z) in the LP-norm, and it is easy to see that this is equivalent
to H being a bounded operator on LP(R!) for 1 < p < oco. Originally, the
proof of Marcel Riesz that H preserves LP used Cauchy’s theorem in complex
analysis. Somewhat later, real-variable proofs were developed, culminating in
the Calderén-Zygmund work of the 1950s [14].
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In their investigation Calderén and Zygmund considered convolution oper-
ators

710 = [ f@K@-d

where the kernel K(z) defined on R™ “looks like” 1/z does on R!. They
assumed that

|K(2)] < C/lal",  |VK(z)| < C/la[**,

K(z) is C! away from the origin, and
/ K(z)dr=0 forall0<a<p.
a<|z|<B

Under these assumptions they proved that, for 1 < p < 00, a > 0,
ITfllp < Collfll, and m{|Tf| > a} < (C/a)|lfll1-

The techniques they developed in their argument set the tone for real-variable
theory for many years.

Calderén and Zygmund begin by observing that the assumptions on K(z)
imply that K (&) is bounded. Hence, by the Plancherel theorem,

ITSllz = |77l = 1K - fll2 < 1K lloo I ll2 < ClISll2,

so T is bounded on L2. Next they prove the estimate

(%) m{|Tf| > a} < (C/a)lflx

as follows: Let f € L'(R") and o > 0. Calderén and Zygmund show how
to replace f by an L2-function g by averaging f over certain disjoint cubes
Qi where the average of f is < 2"a. Of course, Tg is easy to handle, since
g € L? and in the previous step the boundedness of T on L? was proven.
What remains in the proof of () is an argument to handle the error b= f —¢g
in order to show that

m{|T(b)| > o} < (C/a)|f]1-

b has mean value zero over each of the @ and lives on |J;, Q. It turns out to
be not difficult to show that Tb is negligible outside | JQk. All that remains
is to show that m(|J Q) is small enough, i.e., < (C/a)||f]l1.

Now we come to an important feature of the argument: the set |JQx is
precisely {M f > a}! In other words, the Hardy-Littlewood maximal function
has been introduced to produce the desired L2-function g, which, as far as T is
concerned, is about the same as f itself. Notice that now the desired estimate
of m(|JQk) is now just the main part of the Hardy-Littlewood Maximal
Theorem. Once the Ll-estimate is obtained, interpolation shows that T is
bounded on L? for 1 < p < 2. If we notice that the adjoint operator to T is
again a singular integral of the same form, we see that T is also bounded on
LP when 2 < p < 00.

There have been a great many applications of the Calderén-Zygmund the-
orem, and we shall present one of them here. Let f(f) be a function on
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