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INTRODUCTION
Suppose that a function g generates a Fourier series in the usual way:
g(x) ~ Le,e™.

Now multiply both members by e’* /27 and formally integrate over a period.
On the right we obtain

sin(t — n)
(1a) P w(t—n) °
or, equivalently,
sin ¢ (-n"
(1b) —— Ll

which is called a “cardinal series”. On the left we obtain a function f whose
form

@ 10 =5 [ g(x)eax

suggests that it has a Fourier transform with compact support on [—, 7], or,
put another way, f has no frequency content outside the “band” [ -, 7]. One
can expect that such an f will be represented in some sense by the cardinal
series (1), and that in all likelihood the coefficient ¢, will, because of (2), be of
the form f(n).
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The purpose of this article is to bring under review some of the mathematics
surrounding the cardinal series, including a few notes on its history. Some of
the material seems to be new, but the presentation will be largely expository in
character.

A major factor affecting current interest in the cardinal series is its impor-
tance for certain applications; in fact, its use as an essential ingredient in the
sampling theory of band-limited signals in communications engineering con-
stitutes a truly important piece of scientific methodology. During the past three
decades or so, this application alone has provided a strong impetus to further
the mathematical theory, much of which has in fact appeared in engineering
literature.

This sampling principle has even begun to penetrate the semipopular litera-
ture; see, e.g., Bigelow and Day (1983, p. 102), where it appears in a rather
unexpected context.

There are two recent survey articles in this area. A. J. Jerri’s (1977) covers a
wide range of topics and has a large and useful bibliography; it is firmly
oriented towards applications and includes results on stochastic processes. P.
L. Butzer’s (1983) is more modest in its scope and aims to survey some of the
approximation theory associated with the cardinal series, with particular
emphasis on those parts developed by himself and his colleagues at Aachen
during the past decade.

I certainly have neither the intention nor the competence to vie with either
of these surveys; but I think that the more purely mathematical theory of
cardinal series and its historical origins deserve a fuller account than has been
attempted to date. I shall try to do this by drawing on the whole of the
historical range of material and on engineering, as well as mathematical,
literature.

I. Kluvanek (1965) has remarked that “The origin of this theorem [the
sampling theorem below] can hardly be traced”. In the first of the stories to
follow, which charts a historical journey starting in nineteenth-century France,
I hope to show that this is an unduly pessimistic assertion. The first explicit
mention of this sampling theorem (part A) and the cardinal series known to me
occurs in three works of E. Borel dating from the last years of that century (see
§1.1 for a fuller account). These contributions of Borel, as well as those of
several other people, seem to have been overlooked in contemporary sources.
Certain mysteries begin to appear (§§1.2, 1.3) as we penetrate back further into
the nineteenth century in search of deeper roots.

I should add that the “history” will be of the rather superficial “who knew
what and when” kind. Much of what we subsequently cover will be seen to
have its origins in this historical material.

These later stories can be left to speak for themselves. I make no apology for
including so many examples in §4.2, most of which have not been pointed out
before; in total, they show what a powerful unifying principle Kluvanek’s
theorem (§4.1) is in this area, and there seems to be something interesting to
say about each one. There are also some other items of novelty, mostly
consisting of “infilling”, which include the complete orthonormal character of
the set in Item 2, §3.1, and the main theorem on absolute convergence in §3.4.
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Before the storytelling begins I want to describe in slightly more detail how
the cardinal series is applied in the sampling theory of band-limited signals
(those functions having the property described in part B below), and for this
purpose I can do no better than turn to the seminal paper of C. E. Shannon
(1949).

In this paper Shannon gives a presentation of the sampling theorem with
which his name has become closely associated (although we shall see in §1.5
that he was preceded in this). This sampling theorem should really be consid-
ered in two separate parts, and we set these out below as parts A and B. Later,
we allow a looser usage of the phrase “sampling theorem” and use it to mean
an assertion about the representation of a function f, band-limited in some
sense, by a series generated from some set of data associated with f.

SAMPLING THEOREM (PART A). If a function f(t) contains no frequencies
higher than W /2 cycles per second, it is completely determined by giving its
ordinates at a sequence of points spaced 1 /W seconds apart.

SAMPLING THEOREM (PART B). A4 function f(t) band-limited to [ —aW, aW,
i.e., with the form

mW .
(3) f(0)= [ gl(x)eax,
—-aW
is the sum of its “scaled” cardinal series
- n \sinm(Wt — n)
@ 10= T N%) o=

Shannon was able to say of part A that it was “common knowledge in the
communications art”, and this knowledge was based on the following intuitive
justification: if f contains no frequency higher than W /2 cps, it cannot change
to a substantially new value in a time less than half a cycle of this highest
frequency, that is, 1/W seconds.

Shannon then proceeded to put the matter on a somewhat firmer footing,
arguing something like this: since the general Fourier coefficient of g (in (3)) is
f(n/W), the ensemble of “samples” { f(n/W)},n =0, £1,..., determines g
via its Fourier series, and g in turn determines f via (3).

As to part B, Shannon’s justification runs more or less like this: the sum of
the cardinal series on the right in (4) is band-limited to [ —#W, #W] since this
is true of each term separately (one shows this using elementary properties of
the Fourier transform). Also, if m and n are integers, the “interpolatory”
property

(5) sinvr(Wt—n)___{O, t=m/W,m=*n,
a(Wt —n) 1, t=n/W,

shows that this sum coincides with f at the sample points. Hence, by part A the
sum is none other than f itself.

Of course there are other ways of reconstructing f from its sample values; for
example, one can use the Newton—Gauss interpolation series (see, e.g., J. M.
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Whittaker (1935, p. 62)). However, it is the cardinlal series which has found
favour in signal-processing applications, undoubtedly because of the neat way
in which it fits into the accompanying Fourier analysis.

It was in this way that Shannon established the following important en-
gineering principle: if a signal has bounded frequency content, then all the
information contained in that signal is in fact contained in the sample values at
equidistantly spaced sample points, and knowledge of the bound determines
the minimum rate at which the signal needs to be sampled in order to
reconstruct it exactly. This rate, W samples per second, is called the “Nyquist
sampling rate” (see Shannon (1949, p. 12) for references to early work of
Nyquist and others in this field).

Interestingly enough, Shannon goes on to mention that other sets of data
can also be used to determine the band-limited signal f: for example, the values
of f and its first derivative at every other sample point, the values of f and its
first and second derivatives at every third sample point, and so on. Also, it is
possible to use sample points that are not equidistantly spaced. Several years
were to elapse before mathematical formulations of these procedures were
developed (see, e.g., §§2.3, 3.1, 3.2).

In a further interesting section, Shannon gives what amounts to a Hilbert
space formulation of the problem of transmitting a message over a band-limited
communication channel and even includes a little glossary, of eleven items,
comparing engineering and vector space terminologies.

It should be mentioned that these remarks were all made in relation to
signals of finite duration; it was J. D. Weston who gave the complete Hilbert
space formulation of the situation, independently of Shannon and at about the
same time (see §1.5).

Notations are mostly standard. The Fourier transform of f,

Ff(x) = 72}: [ 1),

where R denotes the real numbers, will often be denoted fA, and f~ will denote
the inverse transform. A naked summation sign means that the index n is to
range over the integers Z or over Z* as the context demands; a prime ’ denotes
the omission from summation of the term corresponding to n = 0; convergence
is understood in the sense of spherical partial sums.

STORY ONE
HISTORICAL NOTES

1.1. Beginnings. The cardinal series can be obtained formally by considering
the Lagrange interpolation formula in the form

O O f(=n)
H’"(Z){ z *E[mnxz—n)+H,:,(—n)<z+n>]}’
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where
m 22
Hm(z) =z 1—.[ (1 - '—5)1
n=1 n
which interpolates a function f(z) at the points z = —m,...,0,...,m. Since

sinmz 2?2

mz nI;I 1 (l - F)’

the cardinal series is obtained by letting m — oo (see T. A. Brown (1915-1916)
and Ferrar (1925, p. 270); see also J. M. Whittaker (1935, p. 63) where a more
general limiting procedure is carried out). It can also be obtained formally as a

special case of Cauchy’s partial fractions expansion for a suitably restricted
meromorphic function F with poles at the points ( p,), namely

F(w) .
(z—w)’
one applies this to F(z) = f(z)/sin 7z, where fis entire, and the cardinal series
(1b) results (see Ferrar (1925, p. 281)).

The first explicit use of the cardinal series which I have been able to discover
is in a brief note by Borel (1898, p. 1002), who was discussing the question of
how the power series coefficients (a,,) of a function f(z) = ¥a,z" determine its
singularities. One way of getting information on this is to form an auxiliary

function ¢ determined (in part) by the conditions ¥ (n) = a,; from the many
ways of doing this, Borel chose

F(z) =Y residue at w = p, of

sin 7z i a,

b
T oI TN

¥(z) =

with Y|a,| < oo for convergence. This certainly has the appearance of the
cardinal series (1b), but on closer inspection we notice that the summation
does not extend over negative values of n, and the factor (—1)” is missing from
the summand. No matter, the next year Borel (1899) returned to the interpola-
tion problem, set a,=a_, and used the full cardinal series expansion,
complete with (—1)” in the summand, under the less restrictive convergence
criterion

n

©) |2

< 0.

This is an important inequality in the theory of cardinal series, and we shall
return to it in §3.4. Borel went on to give a more general form of the series with
the factor (z/n)” in the summand, a device for improving the convergence
behaviour (p. 85). He also mentioned (p. 83) that he deduced the series from
Lagrange’s interpolation formula.

A couple of years earlier, Borel (1897) had been studying the general
Lagrange-type formula

_ c,$(2)
&=L N —ay






