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no-nonsense style of a research monograph, this book provides a rewarding
look at some of the recent work of the Soviet school of complex analysis in
several variables for those with some previous experience in the subject.
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Prefatory Note (added August, 1984). After the review appearing
below was submitted I learned that Bieberbach’s conjecture had
been proved by L. de Branges. His proof is short and miraculous. It
combines the theories of Loewner and Milin with a new ingredient
from a totally unexpected source: a theorem of Askey and Gasper
(Amer. J. Math. 98 (1976), 709-737, Theorem 3) which asserts that

k
L Be(x) > 0
;=0

for -1 < x <1 and a > -2, where P(*#) denote the Jacobi poly-
nomials.

Thus, some of the discussion of Bieberbach’s conjecture below is
obsolete, except insofar as it can serve to showcase the remarkable-
ness of de Branges’ achievement. Although its most famous prob-
lem has now been solved, the subject of univalent functions remains
interesting, both for its own sake and for its connections with other
branches of analysis, and Duren’s book is an outstanding contribu-
tion to it.

In the language of classical complex function theory, “univalent” means
one-to-one. Thus, the univalent functions of Duren’s book are analytic func-
tions which are one-one in some connected open subset of the complex plane,
most often the unit disk D = {z € C: |z| < 1}. Such functions effect a
conformal mapping onto another domain £ c C.

Much research in the subject, and most of this book, is devoted to the class
S of univalent analytic functions f in D which satisfy the normalizations
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f(0) = 0, f'(0) = 1. Thus, the Taylor series expansion of f € S around z = 0
has the form

o0
fz)=z+ Lag" zeD,
n=2
and f(D) is a simply connected proper subdomain of C which contains w = 0.
S stands for Schlicht (“simple”), which is the German word for univalent.

The central theme in the study of univalent functions is the relation between
the geometry of the image domain £ and the analytic properties of the function
f- Especially, what are the solutions of extremal problems? One presumes that
the solutions to analytic extremal problems should correspond to extremal
image domains. So, what are the extremal simply connected domains in C?
One candidate that comes to mind is the disk D itself. The corresponding
function is the identity map f(z) = z. The opposite extreme from D seems
reasonably to be the domain obtained by deleting from C a single radial slit
te'®, t, <t < oo. The normalizations in S imply that ¢, = 1/4. If we take
e'* = -1, the omitted slit becomes part of the negative real axis and the
corresponding function is

kz=-—z—=wnz".
(2) (1 -z) ngl

Here k stands for Koebe, who in 1907 was one of the first to study carefully
the sort of extremal problems with which we are concerned in this essay. Note
that the conformal mapping of D onto C\ {fe’*: } < < oo} which belongs
to S is e'(** Mk (ze~(**™), a “rotation” of k.

It is indeed the case that k£ and the identity are extremal for many problems.
For example, fix r € (0,1) and consider the maximum modulus

M(r,f)= g}g}glf(Z)l-

The function in S with smallest M(r, f) is the identity (apply the maximum
principle to f(z)/z), whereas the ones with largest M(r, f) are k and its
rotations. This second result is part of the “distortion theorem”, proved in this
sharp form by Bieberbach in 1916, following earlier results by Koebe in 1909.

Another part of the distortion theorem states that on |z| = r the function
with smallest minimum modulus is k (along with its rotations), while the one
with largest minimum modulus is again easily seen to be the identity. The
distortion theorem was generalized by the reviewer in 1974 as follows:

(1) [ e a0 s [ lire®) a,

for f€ S, 0<r<1, and -0 < p < . That is, the Koebe function has
largest integral means of all positive and negative orders. The main tool used in
proving this theorem is the fact that a certain auxiliary function (log|f|)* is
subharmonic, a result which first came up in the solution of a growth problem
in Nevanlinna’s theory of meromorphic functions and has other applications
elsewhere in function theory. A short survey of the *-function is in [5].
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Which function in S do you suppose has the coefficients a, of largest
modulus? In view of the results quoted above, there are good grounds for
guessing it is k. This was done by Bieberbach in 1916.

BIEBERBACH’S CONJECTURE. |a,| < n,n=2,3,..., f€ S.

This has been the principle stimulus for research on univalent functions in
simply connected domains. As of this writing, it is still open.

To a large extent the story of univalent functions is the story of methods for
attacking extremal problems. Especially, what can a method tell us about B.C.
We shall give now a brief discussion of some of the significant partial results
on B.C, along with a small inkling of the methods used to prove them,
methods which have originated from a variety of sources inside and outside of
classical function theory. More information can be found in the survey articles
[6 and 10].

First of all, Bieberbach himself proved |a,| < 2 in 1916. Though nontrivial,
this is a fairly elementary result which can be proved many ways using modern
machinery.

The result |a;] < 3, due to Loewner (1923), is already very deep. Even now
there is no easy proof. Loewner’s proof is based on a parametric method which
has many other applications. Here is one version, developed in [20]. Suppose
that the complement of f(D) consists of a single arc I' starting at some w, € C
and ending at co. Such “slit mappings” are dense in S. Let y(¢), 0 < ¢ < oo, be
a parameterization of I, and let f(z, t) be the conformal map of D onto the
complement of the shortened slit {y(s): #<s < o} with f(0,¢)=0,
(0f/9z)(0, ¢t) > 0. By Schwarz’s lemma (9f/9z)(0, ¢) increases with . Re-
parameterizing I, if necessary, we may assume f(z, t) = e’z + a,(¢)z*> + ---

Thus f(z,0) = f(z), and it turns out that f(z, ¢) satisfies a partial differen-
tial equation

where P(z,t) = L¥_,c,(2)2z" is an analytic function with positive real part.
Now functions with positive real part are fairly easy to deal with, and one
obtains |a;| £ 3 by clever manipulations starting from the formula

n—1
a(1) = T ma,(1)e,_ (1) + na,(1).
m=1
Loewner’s theory provides one link between univalent functions and dif-
ferential equations. Another was found in 1949 by Nehari, who made use of
the notion of disconjugacy to give a criterion for univalence—if f is analytic in
D and its Schwarzian derivative

(£, 2} = (F(2)/1(2)) = 3(£7(2)/f(2))’

satisfies |{ f, z}| < 2(1 — |z|*)~2, then f is univalent in D. Ahlfors and Weill
(1962) showed that if 2 is replaced by any smaller constant, then f can be
extended to a quasiconformal homeomorphism of the whole plane onto itself.
Quasiconformal mapping and Techmuller theory, which derives from the study
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of moduli of Riemann surfaces and uses g.c. maps as basic tools, have been
two of the most active areas of classical function theory during the past thirty
years. Accounts may be found in the survey articles [3,7, 8,9, 11, 14], the books
[1, 18, and 19], Gehring’s review of Krushkal’s book [13], and Ahlfors’ collected
papers [4]. We do not wish to discuss these subjects in detail, but will digress
long enough to describe one interesting open problem about univalent func-
tions.

Let B denote the Banach space of functions g analytic in D for which the
norm

lgll = sup (1 —12I")’|g(2)|
D

is finite. If f € S then its Schwarzian derivative belongs to B and satisfies
II{ f, z}|| £ 6. This distortion theorem is due to Kraus (1932). The mapping
f— {f,z} is injective modulo linear fractional transformations: {f,z} =
{g,z} if and only if g = (af + b)/(c¢f + d) for some a, b,c,d € C with
ad — bc = 1. The norm topology in B induces a topology in S called the Bers
topology. Now consider the subset T of S whose members have qg.c. extensions
to the whole plane. 7, or more often its image in B, is the “universal
Teichmuller space”. The Ahlfors-Weill theorem states that the image of T
contains a ball. A later theorem of Ahlfors (1963) asserts that T is in fact open
in the Bers topology, and then Gehring (1977) showed that, conversely, the
interior of S is exactly 7. Meanwhile, Bers had conjectured that T is dense in
S, but Gehring disproved this in 1978 [12]. Now the question: Just what is the
Bers closure of T in S? Ahlfors (1963) gave a very satisfying geometric
characterization of “quasicircles”, that is, of 9f(D) for f € T [1, p. 81], and it
would be very nice to have a geometric description of the domains you can get
to by taking limits of quasidisks.

Nehari’s theorem has other offshoots as well. Duren-Romberg-Shields (1966)
observed that if f is analytic in D with |f"(z)/f'(z)| < C(1 — |z|*)? for
sufficiently small C, then f satisfies Nehari’s condition and, hence, is univalent.
Becker (1972) used Loewner’s theory to show C = 1 will do. It is not known
what the largest possible C is. Analytic functions with f’(z) # 0 are “local
quasi-isometries”. Recently Gehring [15], motivated by work of F. John (1969),
has characterized the “rigid” domains @ in C, that is, the ones with the
property that every local quasi-isometry in 2, not necessarily analytic, which is
sufficiently close to the identity, must be globally univalent. The rigid domains
turn out to be the quasidisks, thus adding another characterization of quasi-
disks to the seventeen discussed in [14].

We now resume our discussion of the Bieberbach conjecture. In 1955
Garabedian and Schiffer proved that |a,| < 4. They combined Loewner’s
method with a variational method invented by Schiffer in 1938, and required
many pages of complicated calculations. Later, several simpler proofs were
found using the “Grunsky inequalities” (1939), which are inequalities for
quadratic forms derived from power series expansions of the two-variable
analytic function log[(g(z,) — g(z,))/(z; — z,)]. Here g(z) =1/f(1/z), and
|24}, 12,] > 1. The proof of |a,| < 4 in Duren’s book, due to G. V. Kuzmina,
takes just two pages.






