BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 12, Number 2, April 1985

SOME EXTREMAL FUNCTIONS IN FOURIER ANALYSIS
BY JEFFREY D. VAALER!

1. Introduction. In the late 1930s A. Beurling observed that the entire
function

(1.1) B(z) = (M)Z{ ni::o (z—n)?- _Zl. (z—m)?+ 2z‘1}

ko
m=-o00

satisfies a simple and useful extremal property. We have

(1.2) sgn(x) < B(x)
for all real x and
(1.3) fz B(x) — sga(x) dx = 1.

The function B(z) is entire of exponential type 27, and Beurling showed that
if F(z) is any entire function of exponential type 2« satisfying sgn(x) < F(x)
for all real x, then

o0
(1.4) f F(x) —sgn(x) dx > 1.
—00

Moreover, he showed that there is equality in (1.4) if and only if F(z) = B(z).
As an application Beurling found an interesting inequality for almost periodic
functions (we include it here in Theorem 15), but his results were never
published.

In 1974 A. Selberg used the function B(z) to obtain a sharp form of the
large sieve inequality. Selberg noted that if x z(x) is the characteristic function
of the interval E = [a, 8] and

(1.5) Ce(z) =3 (B(B~2) + B(z - @)},
then
(1.6) x£(x) < Cp(x)
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184 J. D. VAALER
for all real x. For x # a and x # 8 we have

x(x) = 3 (sen(B - x) + sen(x - @)},

so (1.6) follows immediately from (1.2). Since Cg(x) is continuous, the
restrictions on x can be removed. By using (1.3) and (1.5) Selberg observed
that Cg(x) is integrable along the real axis and

(1.7) f: Cplx) — xp(x) dx = 1.

Of course, Cg(z) is entire of exponential type 2, but now, for applications, it
is usually more convenient to work with an equivalent property of the Fourier
transform of Cy. Specifically, the Fourier transform

Cu(t) = /:: Ce(x)e(-tx) dx

(where we write e(u) = e27'*) is a continous function supported on [-1, 1].
To illustrate one of the simplest applications of Selberg’s function, let
A Ao .., Ay be real numbers and

N
f(x)= X a(n)e(A,x)
n=1
an almost periodic trigonometric polynomial. Suppose that A;, A,,...,A are

well spaced in the sense that |\, — A | > 1 whenever n # m. Using inequality
(1.6) we have

@) [Pl ax < [~ ol (x)l ax

=L X a(m)a(m) [~ Colx)e((A, = A,)x) dx
=T T amalm G, -1,

n=1 m=1

Now Cg(X,,—A,)=0if |]A,, —A,| =1, so all of the nondiagonal terms on
the right of (1.8) are zero. It follows that

[V dx < 60) E la()l = (B=a+1) T la(n)f’

More generally, if |\, — A, | = 8 > 0 for n #+ m, then an obvious change of
variables in the previous argument leads to the upper bound

N
B 2 _ 2
(1.9) [Tl ax < (B—a+87) L la(n)].
a n=1
By modifying his original construction Selberg found an entire function cz(z)

of exponential type 2« which satisfies the minorizing inequality cz(x) < x z(x)
for all real x and also

_/:c: xe(x) —cg(x) dx = 1.
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Of course, this provides a lower bound which, when combined with (1.9), can
be written as

(1.10) /f f(x) dx = (B - a+657) ) la(n)|"

with-1 <60 < 1.

The identity (1.10) was also obtained by Montgomery and Vaughan [M-V]
from a generalization of Hilbert’s inequality. In fact, their form of Hilbert’s
inequality can also be established directly from Beurling’s inequality (1.2) and
knowledge of the Fourier transform of B(x) — sgn(x). We provide the details
in Theorem 16.

The functions cg(z) and Cg(z) occur as special cases of a general method
for constructing entire functions of prescribed exponential type which minorize
or majorize a given function of bounded variation. We describe this result in
§4.

Let

M+N
S(x)= Y a(n)e(nx)
n=M+1
be a trigonometric polynomial with period 1, and let &, §,,...,£;z be real
numbers which are well spaced modulo 1. Specifically, we suppose that
1€, — &l = 8 > 0 for r # s, where ||x]|| is the distance from x to the nearest
integer. In its most basic setting the large sieve is an inequality of the form

(1.11) ;l|s(g,)|2<A(N,s) _% l|a(n)|2.

By using the function Cy(z) Selberg established (1.11) with A(N,8) =N -1
+ 871, which is sharp. An essentially equivalent bound with A(N, §) = N + 1
was obtained at about the same time by Montgomery and Vaughan [Mon].
Selberg’s proof of (1.11) is simple and direct. Let F(z) be the entire function of
exponential type 2«8 defined by F(z) = Cg(8z), where E = [§(M + 1),
8(M + N)). It follows that F(x) > 0 for all real x and F(x) > 1 for M + 1 <
x < M + N. Since

F(t)=8"C.(871),
we see that F is supported on [-8, 8] and F(0) = N — 1 + 8. By a theorem of

Fejer [Boa, pp. 124-126] there is an entire function f(z) such that F(x) =
| f(x)|? for all real x, f(x) is obviously in L2(R), and

1) = [ f(et a

that is, f is supported on [-8 /2, § /2]. Now define
M+N

s*(x)= X a(n)f(n) " e(nx).

n=M+1
The identity

(1.12) S(x) = f_‘l/;f‘(u)s*(u +x) du
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follows immediately. If we apply Cauchy’s inequality to the right side of (1.12)
we find that
8/2

(1.13) s < [

-8/2
- FO)

Finally, we sum both sides of (1.13) over r and use the well spacing of
&5 §55- .., £gmod 1. In this way we obtain

114) X IS < £(0) A U ls*(u)[” du

r=1

() [ 8%+ £,)]” d
-8/2

S 152 ()| du
-8/2

M+N )
=(N=1+8" ¥ |a(n)| F(n)"
n=M+1
M+N )
<(N=-1+481 X la(n)".
n=M+1
This method for proving the large sieve is implicit in [Sel, p. 215].

In view of the extremal property satisfied by Buerling’s function B(z), one
might expect that a similar property would hold for the function Cg(z). This is
indeed the case, but only if the length 8 — a of the interval E is an integer.
Selberg has shown that if F(z) is any entire function of exponential type 2
which majorizes x z(x) along the real axis, then

(1.15) f_z F(x) = xp(x)dx > 1,

provided that B — a is an integer. In this case Cg(z) is clearly extremal;
however, it is not unique. The set of all extremal functions for (1.15) was
determined by Selberg (see [GV,, p. 289]). If 8 — « is not an integer, then
inequality (1.15) is false in general. B. Logan [Log] has found the correspond-
ing extremal function for 8 — « not an integer and established that it is
unique.

Although Selberg’s function Cg(z) is not extremal for every interval E, it
has proved to be a useful device for establishing several important inequalities.
A further account of its applications in connection with the large sieve is
contained in [Mon, GV,, GV, and Sel]. Our purpose here is to give a more
general discussion of the extremal problems which motivated the construction
of B(z) and Cg(z) and to provide some additional applications.

Our notation for Fourier transforms, Fourier series, and convolutions fol-
lows that of Stein and Weiss [StW]. We say that a function f: R - C is
normalized if

(116) Jim 5 (fCx+ B+ £(x = 1)} = £(x)

for every real x. An entire function F(z), z = x + iy, is said to have exponen-
tial type o > 0 if, for every e > 0,

|f(z)| < A(g)e(0+e)|z|
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for all z and some positive constant A(€) which may depend on . We write ||x||
for the distance from the real number x to the nearest integer.

ACKNOWLEDGEMENT. The author wishes to thank Professors Arne Beurling
and Atle Selberg for helpful conversations about this paper.

2. Special functions. We have noted that the function B(x) majorizes sgn(x)
and minimizes the integral on the left of (1.8). Before proving these facts about
B(x), we consider the following simpler question: How can sgn(x) be ap-
proximated by an entire function F(z) of exponential type ¢ in such a way that
the integral

(2.1) / ’: |F(x) — sgn(x)|dx

is minimized? This problem can be reformulated in terms of Beurling’s theory
of minimal extrapolation [Beu], and a solution can be constructed from a
general method of Sz. Nagy [SNa] (see also Shapiro [Sha, Chapter 7]). Here,
however, we shall take a more direct approach which can be suitably modified
to deal with B(x) and the problem of majorizing sgn(x).

If F(z) is an entire function of exponential type = and F(x) is bounded on
R, then F(z) can be represented by the interpolation formula (Timan [Tim, p.
183] or Zygmund [Zyg, vol. II, p. 275])

(22) F(z) = ( Si’;’”)

n=-o00
n#0

F(0)z! + i (—1)"F(n)((z -n)+ n"l) + F'(O)}.

This suggests that the special function

(23) G(z)= (Si’””){ T (-1)"sga(n)((z = n) " + n) + log4},

w
n=-o00
n#0

which interpolates sgn(x) at the integers, should be a good approximation to
sgn(x) on R. In fact, G(z) is the unique entire function which minimizes the
integral (2.1) with ¢ = «. It will be clear from the following lemmas that our
choice of G’(0) = log4 is the right one.

LEMMA 1. The function G(x) satisfies

(2.4) 0 < sgn(sin7x){sgn(x) — G(x)} <

sin 7x -1
|+

for all real x.

PrOOF. We define functions Uy (z) and G (z) by

n=-N
n+0

23) UN<z)=(‘°"‘—‘j,"i){z-1+ > (—1)"(<z~n)"+n-1)}
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and
(26) Gul(2) = (Si‘j;”){ L (Dsea(m)((z = m™ +n7)

m=-N
m#0

- X (—l)msgn(m)m'l}-

It follows that Uy(z) —» 1 and G,(z) = G(z) uniformly on compact subsets
of Cas N — co. From (2.5) and (2.6) we have

(2.7) sgn(sin 7x ) { U,y (x) — Gy (x)}
S|l 2 8 )

Next we assume that x > 0 and reorganize the sum on the right of (2.7). We
find that

x1+2 21 (-D)"(x + n)! = ;0(—1)"()( +n) + Z_l ()™ (x +m)!

= NE_I {((x+2D) M (x+20+ 1) =(x+ 20+ 1) (x + 20+ 2)7}
/=0

+(x+2N)"
2N-1

= Y (D)'(x+n) N (x+n+1)"+(x+2N)N

Letting N — oo we have
(2.8) sgn(sin7x){1 — G(x)}

sin mx { T (21)"(x + n) x4+ 7 + 1)-1}.

. n=0

Finally, we use the estimate
oo

0< Y (-D)'(x+n) (x+n+1) " ' <xH(x+1)7"

n=0

for the alternating series in (2.8) to deduce that (2.4) holds for x > 0. Since the
expressions in (2.4) are even functions, the inequality must also hold for x < 0.
The case x = 0 is trivial, so the lemma is proved.

LEMMA 2. The function 1(z) = 1G'(z2) satisfies
(2.9) I(x) < (1+x2)7"
for all real x. Thus I(x) is integrable, and its Fourier transform is given by

s [mtcotmt if || <1/2,
(2.10) (1) = {0 if |t] = 1/2.
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PrROOF. We write the function G (z), defined by (2.6), in the form
N

sinw(z — n)
2.11 = —_—
( ) GN(Z) ,,Engn(n) 'rr(z _ n)
N 1/2
=¥ sgn(n)f e((z = n)t) dt.
n=-N -1/2
By applying 5(d/dz) to both sides of (2.11) and using the identity
N
- [cosm(2N + 1)t
(2.12) nEN sgn(n)e(-nt) = —icot wt + l{ e },

we find that

(2.13) -1—G;,(z) = fl/z {mtcotmt}e(tz) dt
2 -1/2

172 at
N '/:1/2 { Sinwt}(COSW(zN + 1)t)e(tz) dt.

As N — co, the second integral on the right of (2.13) converges to zero by the
Riemann-Lebesgue lemma. This establishes the representation

(2.14) 1(z) = /11//22 {mtcot mt}e(1z) dr.

Next we define Y (¢) = wtcot ot for -1 < ¢ < 1 and integrate by parts twice in
(2.14). We obtain
1(z) = —(2wz)'2{w2cot nz+ [V y(0)e(i2) dt},
-1/2

which proves the estimate (2.9). Of course, this also shows that I(x) is

integrable, and (2.10) then follows from (2.14) by the Fourier inversion
formula.

COROLLARY 3. The Fourier transform of the function D(x) = G(x) — sgn(x)
is given by

0 ift =0,
(wit) {I(t) =1} ift#0.

PrOOF. Since D is odd we may assume that ¢ # 0. Then (2.15) is obtained
from the formula

(2.15) D(t) = {

A 1
H()-1= ’if.w e(~tx) dD(x)
after an integration by parts.

THEOREM 4. If F(z) is an entire function of exponential type o, then

(2.16) [‘: |F(x) - sgn(x)| dx > =






