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AMALGAMS OF L ' AND lq 

BY JOHN J. F. FOURNIER AND JAMES STEWART1 

1. Introduction. The amalgam of Lp and lq on the real line is the space 
{Lp, lq) consisting of functions which are locally in Lp and have lq behavior at 
infinity in the sense that the L^-norms over the intervals [«, n + 1] form an 
/^-sequence. For 1 < p, q < oo, the norm 

(i.i) ll/IU=( t 
\ n » — oo 

makes (Lp
9 lq) into a Banach space. 

The idea of considering the amalgam (Lp, lq\ as opposed to the Lebesgue 
space Lp = (Lp,lp), is a natural one because it allows us to separate the 
global behavior from the local behavior of a function. This idea goes back to 
1926 and Norbert Wiener who considered the special cases (L1,12) and 
(L2, l°°) in [Wl] and (L°°, I1) and (L\ l°°) in [W2]. Other special cases have 
appeared sporadically since then, but the first systematic study of these spaces 
was undertaken in 1975 by F. Holland [HI]. 

After giving an account of the basic theory of amalgams on groups in §2, we 
show in the following sections how amalgams have arisen in various areas of 
analysis: almost periodic functions [Wl], Tauberian theorems [W2], extending 
the domain of the Fourier transform [Szl], Fourier multipliers [EHR], integral 
operators [BiS], product-convolution operators [BuS], positive definite func­
tions [Coop], Fourier transforms of unbounded measures [H2], lacunarity 
[Fou2], the lower majorant property for Hp(Rn) [BaS], approximation theory 
[JR], algebras and modules [LVW], and the range of the Fourier transform 
[Ke]. The common theme is that, in many situations, an amalgam space 
(Lp

9 lq) turns out to be exactly the right space that is needed to solve a 
problem or formulate a theory. 

In view of these occurrences, "the amalgam spaces . . . appear to be an idea 
whose time has come" [GdL]. We hope that the present article will help to 
make these spaces more widely known in the mathematical community. 

2. Amalgams on groups. If G is a locally compact abelian group, we use the 
structure theorem to write G = Ra X Gv where a is a nonnegative integer and 
Gx is a group with a compact open subgroup H. We let I = [0, l)a X H and 
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r 1 \f(X)f dx 
n 
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Ia = a + 7, where a = (nl9.. .9na9 t)9 the «/s are integers, and the tys form a 
transversal of Gx in //, i.e., Gx = U r( ' + H) is a coset decomposition of Gt. 
(Thus, each 7a is a Cartesian product of a unit cube in Ra, sitting at a lattice 
point, and a coset of //.) Then, in terms of the disjoint union G = U a e / / a , we 
define 

( 0 < / ? < o o , 0 < # < oo), 

(0 <p < oo). 

ll/k,-flll/llW.)p 
(2.1) L«€/ J 

ll/IUoo = sup 11/11 (̂4) 

The amalgam of Lp and /* on G is then 

(L',/«)(<?)-{ƒ: < 00 }• 
Notice that when G = /£, we have 7a = [a, a + 1) and (2.1) becomes (1.1). 
(The reader should keep this example in mind throughout the paper.) Notice 
also that if G is compact, then (Lp, lq)(G) = LP(G). If G is discrete, then 
(L>, /*)(G) - /«(G). 

This definition of (Lp, lq){G) is the one given in Stewart [Stw2] and is useful 
in making explicit computations. Bertrandias, Datry, and Dupuis [BDD] gave 
an equivalent definition which has the advantage of not using the structure 
theorem. Given an open precompact neighborhood E of 0, and the family 0* of 
all tilings { Et} of G by disjoint translates of E, they used the norm 

sup E11/11 LP(E,) 

and the notation lq(Lp) instead of (Lp, lq). (Different choices of E give 
equivalent norms.) They also made use of the equivalent translation-invariant 
norm given by 

(2.2) [/. \\LP(x + E) dx 
l/<7 

Busby and Smith [BuS] defined amalgams on locally compact groups which 
are not necessarily abelian. Their definition is similar to (2.1) and is given in 
terms of a " uniform partition" of the group. See [GdL] for a comparison of 
these three definitions of amalgams. 

We begin our study of these spaces by listing the following inclusion 
relations. 

(2.3) If ft < ft, then (Lp
91«) c (Lp

9 / * ) . 

(2.4) ltpx<p29 then ( L " , /*) c (Lp\ /*). 

If we combine these relations with the fact that (Lp, lp)(G) = LP(G), we 
obtain the following: 

Uq<p9 then (Lp
9 lq) c Lp n Lq. 

lfp<q9 then (Lp U Lq) c (Lp
9 lq). 
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There are several facts about amalgams that are not surprising in view of 
what we know about Lp-spaces. For instance, it is not hard to show that 
(Lp

9 lq)(G) is a Banach space if /?, q > 1, and is an F-space if either/? or q is 
less than 1. Also, Holder's inequality extends as expected: If ƒ e (Lp, lq) and 
g e (Lp\ /*'), wherep9 q > 1 and \/p' = 1 - l//>, then fg e L1 and 

(2.5) ll/g||i<ll/IU,W/,^ 
Likewise, it is not hard to guess what the dual space of(Lp,lq)is. 

THEOREM 2.6. If 1 < p, q < oo, then (Lp, lq)* = (Lp\ lq'). 

Theorem 2.6 can be found in [Hl, BDD, and BuS], but it also follows from a 
general fact that was known earlier. If {En } is a sequence of Banach spaces, 
lq(En) denotes the space of sequences x — (JC„), where xn e En and ||x|| = 
Ell**!!*]17* < °°- (See> f o r instance, Day [Da].) It is known that lq(En)* = 
/*'(£„*) when 1 < q < oo [K, p. 359]. If we take En = Lp([n,n + 1)), or more 
generally Ea = L*(Ia), then we have lq(En) = (Lp, lq) and Theorem 2.6 
follows. 

Again, convolution behaves as we would expect; Young's inequality carries 
over to amalgams as follows. If ƒ e (LPl,lP2) and g e (Lqi, lqi\ where 
^/Pt + Vft > 1. then ƒ * g G (ZA / r0, where 1/r, = 1 / ^ + l / f t - 1. Fur­
thermore, there is a constant C (depending on the dimension of the factor Ra 

and on which subgroup H is chosen in Gx) such that 

(2.7) II/*SIU<C||/|| 
(See [BDD and BuS].) 

It is not easy, perhaps, to guess what the analogue of the Hausdorff-Young 
Theorem will be. For L ̂ -spaces, this theorem says that if ƒ e LP(G% 1 < p < 2, 
then the Fourier transform,/, belongs to LP(G\ where G is the dual group of 
G. For amalgams, notice that the conjugate indices, q' and/?', in Theorem 2.8, 
appear in the opposite order to that of/? and q. 

THEOREM 2.8. Iff e (Lp, lq)(G), where 1 < /?, q < 2, rtoi / e (Z/ , /^(Ö) 
a«d f/iere is a constant C {depending onp, q, the decompositions of G and G, but 
not onf) such that \\f\\^ < C|| ƒ | |M . 

Theorem 2.8 was first proved by Holland [HI] for G = R, although certain 
anticipations of this result can be seen in [Lin, Lemma 1] and [Szl] and cases 
of it have been rediscovered at least three times [Al, BaS, SS]. For groups, it 
was proved by Bertrandias and Dupuis [BD]. See also Stewart [Stw2], Fournier 
[Foul], Feichtinger [Fei4], and Burger [Bur2]. 

In view of (2.3) and (2.4), the largest of the spaces (Lp, lq) for 1 < /?, q < 2 
is (L1,12). In a reasonable sense, this is the largest space of functions to which 
we can extend the Fourier transform (see §6). 

Amalgams are related to the mixed-norm spaces of Benedek and Panzone 
[BP]. If X and Y are a-finite measure spaces, these authors defined L^p,q\X X 
Y ) to be the space of functions g such that 

< oo, ML<>«>-[fY[fx\g(x,y)fdx 
q/p 

dy 
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with the usual modification if p or q is oo. Taking G = R, X = [0,1], Y = Z, 
and g(x, «) = ƒ(* + H), we see that 

HglL<"> = If1 \f(x + n)\P dx 
I/O 

q/p l/q 

This shows that the amalgam (Lp, lq)(R) *s isomorphic to the special mixed-
norm space L(p'q)([0,1] X Z). In general, we could take X = / and Y = J. 
(Another connection is given in [BDD, Proposition IX] and [Fei4]. See also 
[BuS, Proposition 3.11].) 

In spite of this connection, however, facts concerning mixed-norm spaces do 
not necessarily imply analogous facts about amalgams. For instance, Benedek 
and Panzone proved a version of the Hausdorff-Young Theorem for mixed-
norm spaces on Rn

9 and their theorem can be extended to groups, but Theorem 
2.8 does not follow from this extension (except for some special groups). 

Finally we note that the amalgam (L1, lq)(G) is embedded in a space of 
measures Mq(G) which has also attracted attention. We define Mq(G) to be the 
space of measures fi such that 

WMa E[M(/J]' 
-|1A 

< 00. 

These spaces have been studied by Câc [Cac], Liu et al. [LVW], Holland [HI, 
H2], Bertrandias et al. [BDD], Stewart [Stw2], and others. The special case 
q = oo is 

Moo = I/*: sup \n\(la) < oo), 

which is the space of translation-bounded measures as studied by Lin [Lin], 
Argabright and Gil de Lamadrid [AGI], Berg and Forst [BF], and Thornett 
[Th]. 

These spaces also occur as dual spaces. If (C, lq) denotes the space of 
continuous functions in (L00, lq), where 1 < q < oo, then (C, lq)* = Mq, [Cac, 
HI, Stw2, BD]. An extension of Theorem 2.8 is that if p e Mq(G), where 
1 < q < 2, then ju is a function in (Lq\ /°°)(G) and there is a constant C such 
thatllAH^oo^CH/ill^. 

3. Almost periodic functions. We recall that in 1924 Bohr [Bo] had defined an 
almost periodic function to be a continuous function fonR with the property 
that for every e > 0 there is a number L = L(e) > 0 such that every interval of 
length L contains a number T with 

(3.1) \f(x + T) - ƒ ( * ) ! < e for every real x. 

In 1926 both Stepanoff [Stp] and Wiener [Wl] independently extended Bohr's 
theory of almost periodic functions by replacing (3.1) with 

(3.2) Jf 
' £+1 2 

\f(x + T) — / ( J C ) | dx < c for every real f. 
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Wiener called any measurable function ƒ satisfying (3.2) pseudoperiodic. He 
also called / nearly bounded if f£+h \ f(x)\2 dx is bounded in £, for fixed h. Of 
course, in the notation of §2, the class of nearly bounded functions is (L2, /°°) 
and (3.2) can be written as \\fr — f \\lt00 < e, wherefT(x) = f(x + r). 

Wiener showed that the limit in (L2, /°°) of pseudoperiodic functions is 
again pseudoperiodic. Both Stepanoff and Wiener proved the existence of the 
mean value 

M{ƒ(*)}= lim \Ç'f(x)dx 

of a pseudoperiodic function ƒ and generalized Bohr's Fundamental Theorem 
as follows: If F is pseudoperiodic, then there is only a finite or countable set of 
values X = \„ for which M{ f(x)e~iXx} * 0. If an = M{ f(x)e~iX-x}9 then 

M{i/wi2} = i:ki2 

and 

lim Ml \f(x) - Z"neiKx 

1 

= 0. 

In the course of his investigations of pseudoperiodic functions, Wiener also 
introduced ideas related to the amalgam (L1,11) and the space of measures 
M2. He showed that if F is a function of bounded variation over any finite 
interval, F assumes only a countable number of values, F(0) = 0, and 

r \dF(X)\ oo, 

then ƒ ZT e~' x dF(x) converges in L2 as T -» oo to a pseudoperiodic function. 
Besicovitch [Bes] considered a generalization of Wiener's pseudoperiodic 

functions by replacing (3.1) or (3.2) with the condition that \\fT - f\\PtO0 < e, 
where 1 < p < oo. The resulting S^-almost periodic functions are denoted by 
S^AP. (Stepanoff had considered both p = 1 and p = 2.) We can then say that 
ƒ e S^AP if and only if the set of translates of ƒ has compact closure in 
(Lp, /°°). Also, SpAP is the closure in (LPJ°°) of the set of trigonometric 
polynomials. 

Argabright and Gil de Lamadrid [AG2] have constructed a very general 
theory of almost periodic measures. Given a translation invariant topological 
vector space J( of measures on a group G, they call / i G j ^ a n almost periodic 
measure if the set of translates of /i has compact closure 'v&Jt. When Ji is what 
they call a suitable G-module, they obtain generalizations of much of the 
classical theory of almost periodic functions. In particular, when^# = L°°(G) 
their theory specializes to that of Bohr, von Neumann, and Eberlein, whereas if 
Jt'= (Lp, l°°)(G% then their theory recovers much of the work of Wiener, 
Stepanoff, and Besicovitch, but in the context of groups. They also consider 
^ = ( L ^ , / ^ ) a n d ^ = M r 

See Feichtinger [Fei5] for another generalization of almost periodic func­
tions which also uses amalgams. 
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4. Algebras and Tauberian theorems. In his famous paper on Tauberian 
theorems [W2] Wiener considered the amalgam (L00, Z1) and introduced the 
space (C, Z1), which consists of the continuous functions in (L00, Z1), and the 
space M^ of translation-bounded measures. In Theorem IX he states an 
analogue of his better-known Tauberian theorem for L1 (Theorem VIII): 

Let F be a function of bounded variation over every finite interval and let 
ƒƒ+1 \dF(x)\ be bounded in y. Let Kx e (C, Z1) and suppose that Kx is never 
zero. Let 

Urn p K1(l-x)dF(i) = Ar KM)dt 

Then, if K2 is any function in (C, Z1), we have 

lim f" K2U - x) dF(i) = A C K2(Ç)dè. 
x -»oo • ' - o o • ' - o o 

The space (C, I1) turns out to be a convolution algebra which has been 
named Wiener's algebra and has been studied by several authors. For instance, 
Goldberg [Go] showed that the dual space of (C, Z1) is M^. See also [LVW, 
Feil, Burl]. 

Segal [Seg, Theorem 3.1] isolated those properties of (C, Z1) which were 
enough to enable him to prove a Tauberian theorem Uke the one above. He 
considered a dense subspace B of L\R) with norm || • || and satisfying the 
following properties: (a) ƒ e B => /fl e B and || fa\\ = ||/||; (b) the mapping 
a -* fa from R to B is continuous; (c) \\fn\\ -* 0 => \\fn\\x -* 0. Segal's Theorem 
3.1 gives Wiener's Theorems VIII or IX when B = L1 or (C, Z1). Although the 
norm 

I1/1..X- £ max \f(x)\ 
/ î = _ 0 0 n^x^n + 1 

does not satisfy property (a), Segal used the equivalent translation-invariant 
norm on (C, Z1) given by 

00 

sup 52 m a x \f(x + y + w)l-
- 0 0 < > ' < 0 0 H = - O 0 O ^ ^ ^ 1 

Reiter [Reil, Rei2] called subalgebras of LX(G) satisfying properties (a), (b), 
and (c) Segal algebras and showed that they have the same ideal theory as that 
ofZ^G). 

It is easy to see that the amalgam (Lp, I1) is a Banach algebra under 
convolution for/? ^ 1. In fact, using Young's inequality for amalgams (2.7), we 
have 

\\f*gli<c\\f\\Mp,i<c\\f\u\gl,i-
If we use the equivalent translation-invariant norm given by (2.2), then 
(Lp, Z1) becomes a Segal algebra when 1 < p < oo. (Recall that (Lp, I1) c L1.) 
To complete the picture, we state the following results which are proved in 
[SW]: If p > 1, q > 1, then A = (Lp, lq)(G) is a convolution algebra if and 
only if G is compact; if 0 < p < 1, 0 < q < 1, then A is a convolution algebra 


