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IMAGINARY QUADRATIC FIELDS

BY DORIAN GOLDFELD!

1. Early history. In 1772 Euler [11] thought it noteworthy to remark that
x? ~ x + 41 = prime, x=1,2,...,40.

This subject was again touched upon by Legendre [28] in 1798 when he
announced
x? + x + 41 = prime, x=0,1,...,39.
These remarkable polynomials, which take on prime values for many values
of x, are one of the earliest recorded instances of a phenomenon related to
what is now commonly referred to as Gauss’ class number one problem. In

fact, at the Fifth International Congress of Mathematicians, Rabinovitch [34]
stated the following

THEOREM (RABINOVITCH). D < 0, D = 1 (mod4),

2 1+ |D|

aoxslt 1D -3

= prime, x=1,2,..., e

if and only if every integer of the field Q(/D) has unique factorization into
primes.

A similar theorem holds for the polynomial x2? + x + (1 + |D])/4. It is
known that Q(vV — 163 ) has the unique factorization property, and this accounts
for the remarkable polynomials above.

Gauss’ class number problem has a long, curious, and interesting history.
Perhaps the subject really goes back to Fermat, who in 1654 stated theorems
like (here p = prime)

p=6n+1=p=x%+3y?

p=8n+1=p=x2+2y?

which were first proved by Euler in 1761 and 1763. Many other representation
theorems of integers as sums of squares were proved in the eighteenth century,
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and in 1773 Lagrange [27], for the first time, developed a general theory of
binary quadratic forms

1) ax? + bxy + cy?,

with discriminant D = b2 — 4ac, to handle the general problem of when an
integer m is representable by the form

2 m = ax?+ bxy + cy>.
It is clear that under a linear change of variables
®) (;)=(: g)(x:)’ ad — By = +1, a,B,v,6 €Z,
y
we have
ax? + bxy + cy? = Ax"* + Bx'y’ + Cy’?,
where
A = aa’ + bay + cy?,
B = 2aaf + b(ad + By) + 2cv8,
C = aB? + bBS + c8?,

and, therefore, the two binary quadratic forms

ax? + bxy + cy?, Ax"? + Bx'y’ + Cy”

represent the same set of integers. Denoting these two forms as (a, b, ¢),
(4, B, C), respectively, Lagrange defined them to be equivalent since he was
primarily interested in the representation problem (2).

We shall also write (a,b,c) ~ (4, B,C) if the binary quadratic form
(A4, B,C) can be obtained from (a, b, c) by a linear change in variables (3);
and we reiterate Lagrange’s basic principle that equivalent forms represent the
same integers.

Lagrange developed a reduction theory for binary quadratic forms and
showed that every form is equivalent to a certain canonically chosen reduced
form. This idea was also further developed by Gauss. A modern account of
reduction theory goes as follows.

Given two equivalent forms (a, b, ¢) ~ (A4, B, C) with discriminant

D =b%*—4ac=B*—-44C <0,
we can associate two complex numbers,

w=(-b+VD)/2a, w =(-B+VD)/24,
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lying, say, in upper half-plane §. Then w is equivalent to w’ (w ~ w’) in the
sense that

w=(aw’ + B)/(yw +8),

where (2 £) is the unimodular transformation given by (3).

A form is called reduced if its associated complex number w lies in the
fundamental domain for the modular group SL(2,Z), i.e.,

w e SL(2,Z)\ §.

It is then easy to check that a reduced form satisfies —a <b < a < c or
0 < b < a = c. Every form is equivalent to a canonical unique reduced form.

DEFINITION 1. Let h(D) denote the number of inequivalent binary quadratic
forms ax? + bxy + cy? of discriminant D = b — 4ac.

In his book of 1798 Legendre simplified Lagrange’s work, proved the law of
quadratic reciprocity assuming there exist infinitely many primes in an arith-
metic progression, introduced a composition of two forms, and defined the
Legendre symbol

+1, n=x?(mod p),
)= -1, n# x?(modp),

(ﬁ
p
0, pln.

His book [28] became almost immediately obsolete, however, with the publica-
tion in 1801 of Gauss’ Disquisitiones arithmeticae [12).

Perhaps one of the most remarkable parts of the Disquisitiones is the section
where Gauss defines the composition of two binary quadratic forms and
(without knowing what a group is) proves that the classes of binary quadratic

i 1
-1 =12 12 1

FiGUure 1



26 DORIAN GOLDFELD

forms with given discriminant form a finite group with composition as a group
law. In fact, he even proves that this group is a direct product of cyclic groups,
and, as I understand from Mackey, Gauss’ proof can be generalized to prove
that any finite abelian group is a direct product of cyclic groups!

In article 303 of the Disquisitiones, Gauss enunciated the

CONJECTURE. The number of negative discriminants D < 0 which have a given
class number h is finite.

It is important to point out that Gauss’ definition of binary quadratic form
is slightly different from Lagrange’s in that he considers the form

4 ax? + 2bxy + cy?
with even middle coefficient and defines the discriminant as
(5) D = b? - ac.

In article 303 he gives tables of discriminants having a given class number and
conjectures that his tables are complete.

For the moment we shall stick to Gauss’ notation (4), (5) and let 2(D) be
the number of inequivalent forms of type (4). It is not well known that Gauss’
class number one table was first shown to be complete by Landau [25] in 1902.

THEOREM (LANDAU). For D = b?> — ac < —17, h(D) > 1.

This is due to the fact that Gauss’ definitions (4), (5) really pertain to even
discriminants, and, therefore, correspond to a much simpler problem.

Let us now state the modern version of the class number problem. It is
convenient to return to the Lagrangian notation

(6) ax?+ bxy + cy?, D =b*-4dac<0.

Gauss’ class number problem: To find an effective algorithm for determining
all negative discriminants with given class number h.

Lagrange’s notation (6) is really better suited to the modern reinterpretation
of the theory of binary quadratic forms in terms of the theory of quadratic
fields. To each binary quadratic form

@) ax? + bxy + ¢y?
of discriminant D we can associate an ideal (see [7])
(8) [a,(~b + VD) /2] Z-module

in the ring of integers of Q(VD). Two ideals a, b are equivalent (a ~ b) if
there exist principal ideals (A,), (A,) such that a(A;) = b(A,). It can then be
shown that equivalent ideals of type (8) correspond to equivalent forms (in the
Lagrangian sense) of type (7).

The ideal classes of Q(VD) form a group; we let h(D) denote the order of
this group. When h(D) =1, every ideal in Q(YD) is principal, and the
integers of Q(VD ) have unique factorization.

Gauss’ class number one problem: h(D) =1 for D = -3 —4,
=7, -8, —11, —19, —43, — 67, —163 and for no other D < —163.
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2. Dirichlet’s class number formula. The problem of the arithmetic progres-
sion, that there exist infinitely many primes in the arithmetic progression a,
a+gq, a+2q, a+ 3q,..., where (a,q) =1, first fell in 1837 for the case
q = prime, and for arbitrary ¢ in 1839 [10], in the now classic papers of
Dirichlet. It was well known at the time that Euler’s proof (1748),

o-s2-mp-3)-

of the infinitude of primes did not work for primes in an arithmetic progres-
sion since there is no natural series representation for the product

-1
(-3)-
p=a (mod q) 4

Dirichlet remedied this situation by introducing, for the first time, group
characters
x: Z/qZ - roots of unity

which satisfy
x(n+q) = x(n), VneZ,
x(mn) = x(m)x(n), Vm,neZ,
x(n) =0, (n,q)>1.

There are ¢(q) such characters x (mod ¢), and they satisfy the orthogonal-
ity relation
1

1 (D) x(n) = 1, n=a(modg),
©) o(q) x(ngdq)X( )x(m) {0, n#a(modgq).

Dirichlet defined the L-function

L0 =TI[1-22)7 ®ee)> 1

JJ
from which it follows, by logarithmic differentiation and (9), that
1 bl L’ ~-ms
1) oy L X(@T(x)= L - (legp)p
4’(‘1 x (mod q) p"=a(mod q)

He considered the limit as s — 1. Since
Y Y (logp)p™ < oo,

p m>2

the existence of infinitely many primes in an arithmetic progression is reduced
to showing that the left side of (10) blows up as s — 1. The trivial character
(x(n)=1 for (n,q)=1) occurs in (10) and contributes the logarithmic
derivative of the Riemann zeta function which has a pole at s = 1. Since all
other Dirichlet L-functions L(s, x) are holomorphic at s = 1, it is enough to
show that L(1,x) # 0. This Dirichlet did in a most remarkable way. We
illustrate his argument for real characters, since the case of complex x is much
easier.
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Let D < 0, D a fundamental discriminant; x (mod D) a real, odd, primitive
Dirichlet character. Let k(D) denote the class number of Q(vVD ) and set

2, D< -4,
w=1(4, D= -4,
6, D= -3,

to be the number of roots of unity in the field.
THEOREM (DIRICHLET). L(1, x) = 2wh(D)/wy|D|.

This is Dirichlet’s famous class number formula, which was conjectured in
simpler form by Jacobi [24, 7] in 1832 and proved in full by Dirichlet [10] in
1839. It is remarkable how the class number and special value L(1, x) relate in
this way.

Since A(D) > 1, this implies L(1, x) # 0, from which Dirichlet deduced the
infinitude of primes in an arithmetic progression.

A brief sketch of Dirichlet’s proof in modern notation goes as follows. For
z=x+1iy, x€R, y>0,let

R

1
(11) E(z,s)=5 L —"Y‘—ZS
(m,n)=1 |mz + nl

be the Eisenstein series which satisfies the functional equation
E*(z,s) = 7T (s)¢(2s)E(z,5) = E*(z,1 — 5)

and has simple poles at s = 0,1 with residue independent of z.
Although Eisenstein series hadn’t been invented yet, Dirichlet did introduce
zeta functions

- 1

munm -0 (am* + bmn + cn?)’
(m,n)#(0,0)

associated with a binary quadratic form (a, b, ¢) of discriminant b> — 4ac = D
< 0. These, however, are just special cases of the Eisenstein series (11) when

z=(~b+ VD)/2a.

Dirichlet showed that
-@ ) =l * it@_
(12) (27, ML=y T B,
—a<b<ga<c
or0<b<ga=c

from which he deduced the class number formula by comparing residues at
s = 1. Formula (12) is simply stating that the zeta function of an imaginary
quadratic field Q(VD), D < 0, is just the sum of the zeta functions of the
h(D) ideal classes.
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3. The Deuring-Heilbronn phenomenon and Siegel’s zero. Very little progress
on Gauss’ original class number conjecture was made until the twentieth
century. In 1918 Landau [26] published the following theorem, which he
attributed to a lecture given by Hecke.

THEOREM (HECKE). Let D <0, x (mod D) odd, real, and primitive. If
L(s,x) # O for sreal ands > 1 — c/log|D|, then

h(D) > ¢,/|D| /log|D|,
where ¢, ¢, > 0 are fixed absolute constants.

Now, the generalized Riemann hypothesis asserts that the only nontrivial
zeros of L(s,x) are on the line Re(s) =1/2. So Hecke showed that the
generalized Riemann hypothesis implies Gauss’ conjecture, since the class
number A (D) would then grow with |D|.

In 1933, Deuring [8] proved the following unexpected and surprising result.

THEOREM (DEURING). If the classical Riemann hypothesis is false, then
h(D) > 2 for — D sufficiently large.

This was improved upon by Mordell [30] in 1934.

THEOREM (MORDELL). If the classical Riemann hypothesis is false, then
h(D) > oasD - —oo0.

Again in 1934, Heilbronn [21] went a step further.

THEOREM (HEILBRONN). The falsity of the generalized Riemann hypothesis
implies h(D) - o0 as D > —o0.

When combined with Hecke’s theorem, this gave an unconditional proof of
Gauss’ conjecture.

THEOREM (HECKE-DEURING-HEILBRONN). #(D) — o0 as D —» —o0.

Here was the first known instance of a proof which first assumed that the
generalized Riemann hypothesis was true and then that it was false, giving the
right answer in both cases! Unfortunately, the method of proof was not
effective, since if the generalized Riemann hypothesis were false, all constants
would depend on an unknown zero of L(s, x) located off the line Re(s) = 1/2.
This presumably nonexistent zero is now known as Siegel’s zero.

Heilbronn and Linfoot [22] refined the proof to deal with Gauss’ class
number one problem. They showed

THEOREM (HEILBRONN-LINFOOT). There are at most ten negative fundamental
discriminants D < 0 for which h(D) = 1. namely, D = —3, —4,
-7,-8,—11, —19, —43, —67, —163, ?

The possible existence of a tenth imaginary quadratic unique factorization
field reflected the ineffectivity in the Deuring-Heilbronn proof. If such a field
existed, the generalized Riemann hypothesis could not be true! This led to
intense, fervent, and sometimes heated research on this problem.






