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History of the scattering method. The scattering theory of linear differential 
operators is an approach to their spectral analysis which arises from the study 
of wave propagation. The medium in which waves are propagated is regarded 
as a linear system whose input comes from the remote past and whose output 
is given in the distant future. The scattering operator describes the energy-pre­
serving transition from past to future. 

The awareness of a relationship between scattering theory and that area of 
number theory associated with the Riemann hypothesis is at least twenty-five 
years old. It is found for example in an analysis of the Laplace-Beltrami 
operator by Ehrenpreis and Mautner [4] and in a congress address of Gelfand 
[6]. In the same years the author constructed the Hubert spaces of entire 
functions which are used in the present formulation of scattering theory. 

In 1972, Faddeev and Pavlov [5] applied the Lax-Phillips scattering theory to 
the Laplace-Beltrami operator, considered in a space of functions invariant 
under the action of the modular group. An account of their result in English, 
and a generalization, appeared in 1976 in a monograph by Lax and Phillips [7]. 
The important observation is made that the Riemann hypothesis is equivalent 
to decay properties in the wave propagation associated with the operator. But 
no geometric reason could be found for the propagation to have these 
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properties. Lax and Phillips clearly do not expect a proof of the Riemann 
hypothesis by these methods. 

The formulation of scattering theory using the theory of Hilbert spaces of 
entire functions is more difficult than in the Lax-Phillips theory because there 
is more structure. Therefore it is understandable that the author's independent 
discovery in 1973 of results related to those of Faddeev and Pavlov obtained 
little attention [2, 3]. 

In the author's formulation, the scattering operator is described by a transfer 
function which is analytic in the complex plane instead of the unit disk or the 
upper half-plane. The reason for accepting the greater structure is that it is 
naturally present in connection with zeta-functions. 

During the months of April, May, and June 1984, the author visited the 
Leningrad Branch of the V. A. Steklov Mathematical Institute under the 
exchange agreement between the National Academy of Sciences and the 
Academy of Sciences of the USSR. It was during this time that he became 
aware of a way of applying the additional structure in connection with the 
Riemann hypothesis. 

The purpose of the present address is to describe this interesting develop­
ment. An expository account is given of the theory of Hilbert spaces of entire 
functions as it applies to the Laplace-Beltrami operator. A conjecture is then 
made in this theory which implies the Riemann hypothesis. 

Hilbert spaces of entire functions. The trouble with talking about Hilbert 
spaces of entire functions is that there is too much to say. An adequate 
motivation of the spaces will necessarily be very lengthy. Those who aim at 
new results in the field do not want to be caught in this familiar trap. 

What does need to be said is that the theory of Hilbert spaces of entire 
functions is an invariant subspace theory for certain linear transformations in 
Hilbert space. The transformations are in general unbounded and partially 
defined. The meaning of "invariant subspace" needs to be clarified. An answer 
is provided by the theory. 

This is a very nice invariant subspace theory because invariant subspaces 
always exist. There are enough for a spectral expansion of the transformation. 
And the natural invariant subspaces are totally ordered. Few other nontrivial 
examples of linear transformations in Hilbert space exist for which the 
invariant subspaces are known and are so usefully applied to the structure 
theory of the transformation. 

The transformation is assumed given in a canonical model, in a form which 
is useful for study. If the transformation is not initially given in that form, then 
it is put in that form under a unitary equivalence which often appears as an 
eigenfunction expansion for a differential operator. 

A terse way to introduce the relevant Hilbert spaces of entire functions is to 
characterize them by these axioms: 

(HI) Whenever an element F(z) of the space has a nonreal zero w, the 
function F(z)(z - w)/(z - w) belongs to the space and has the same norm as 
F(z). 

(H2) The linear functional defined on the space by F(z) into F(w) is 
continuous for every nonreal number w. 


