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ON THE REAL SPECTRUM OF A RING 
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BY EBERHARD BECKER 

Introduction. This paper is meant as an introduction and a guide to some 
recent developments in real algebraic geometry — more precisely, in semialge-
braic geometry. In real algebraic geometry one is concerned with the set of real 
points V(R) of a variety V defined over R. More generally, one may replace the 
field of real numbers R by any real closed field. Real algebraic geometry is 
clearly a part of general algebraic geometry and therefore there seems to be no 
need for special considerations, i.e. special notions, tools, etc. However, in 
dealing with the set of real points V(R) one encounters new phenomena which 
are not, or at least not easily, treatable by the general methods of algebraic 
geometry. To give examples, let V be an affine variety over R. Then V(R) can 
be regarded as an algebraic subset of some suitable RN, i.e., a subset defined by 
a finite set of polynomial equations Fx = 0 , . . . , Fr = 0 where Ft e 
R[ Xv..., XN]9 i = 1 , . . . , r. Consequently, V(R) carries the subspace topology 
inherited from R^. Even if V is irreducible it may happen that V(R) is not a 
connected topological space. Note that the corresponding set of complex 
points V(C) is always connected if V is irreducible. A typical example is 
provided by the elliptic curve E (Figure 1). 
In this example, is (R) has two components Q , C2, namely 

Ci = {(x,y)e R 2 b 2 = x(*2 - i), * < o}, 

C2 = { ( * , y ) ^ R 2 \ y 2 = x(x2 - l ) , x > 1}, 

We notice that the components are described by equalities and inequalities. 
This is quite generally true: V(R) always has a finite number of components 
each of which can be described by a finite number of polynomial equalities 
and inequalities, cf. [Lo, Wh]. 

Thus, one is naturally led to consider subsets of V(R) which can be 
described by finitely many polynomial equalities and inequalities: these are the 
so-called semialgebraic subsets of V(R). 

Semialgebraic subsets of V(R) or RN arise in the above-mentioned study of 
components. However, they are to be considered as the natural objects of study 
in real algebraic geometry not only because of this occurrence. Their definition 
takes account of the entire structure of the real numbers as an ordered field. 
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FIGURE 1 

Since an algebraically closed field cannot be ordered there is no similar notion 
over the complex field. It is the order of R which enables one to define interior 
and exterior of figures, e.g. the interior of circles, polygons, etc. 

So one may say that semialgebraic sets are in some respects the genuine 
objects of real algebraic geometry. Consequently, real algebraic geometry 
should be extended to include the investigation of semialgebraic sets, i.e. it 
should be extended to semialgebraic geometry. A good account of currently 
studied problems in semialgebraic geometry can be found in the proceedings 
[CT-C-M-R, DR], in Brumfiel's book [Brul], in volume 14, number 4 of the 
Rocky Mountain Journal (1984), and in the book of Delfs and Knebusch 
[DK3]. 

As explained, semialgebraic geometry deals with problems which do not 
completely fit in classical algebraic geometry. This raises the question: Are 
there suitable notions and tools to treat these problems properly? It is the 
conviction of several mathematicians including the author, that the appropriate 
notion has been found. It is the new notion of the real spectrum of a ring 
which was introduced by M. Coste and M. F. Coste-Roy about 1979 [CC, CC l5 

CR]. In this concept ideas from the Zariski-spectrum of a ring are cleverly 
combined with concepts from the theory of formally real fields. That this latter 
theory naturally plays a role in real algebraic geometry was already obvious in 
Artin's solution of Hubert's 17th problem. Today it seems that the notion of 
the real spectrum of a ring may serve as a building block for a general 
semialgebraic geometry in the same way that the Zariski spectrum of a ring did 
for Grothendieck's formulation of algebraic geometry. In particular, it will 
certainly stimulate the further development of real commutative algebra. 

Let A denote any commutative ring with unit. Given a prime ideal t) its 
residue field quot(^4/t)) is denoted by k(t}). As^a set, the real spectrum of^, 
denoted by ^-Spec A, consists of all pairs (t), P) where t) e Spec^l and P is 
an order in Jc(t)). The topologyjs defined as follows: Given a e A, set 
D(a) = {(t) ,P) |ö £ Q, a + t) e P). Now by definition, these sets D(a\ 
a G A, constitute a subbasis for the topology. In this topology, ^-Specv4 turns 


