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1. Tate’s rigid analytic geometry. Both books under review deal with a theory
which was created in 1961 by John Tate, who at that time had given a seminar
on it at Harvard and written a manuscript entitled Rigid analytic spaces.

These notes by Tate were distributed in Paris by the IHES in the spring of
1962 with(out) his permission and published as late as 1971 in Inventiones
Mathematicae, whose editors thought it necessary to make these available to
everyone. It is strange that the man who created this beautiful theory did
nearly nothing to make it known. Further, to my knowledge he has never taken
up research on the foundations of rigid analytic geometry which he has laid. I
cannot guess for what reason he did not like his child later on.

I will now try to give a very rough idea of what the subject is all about. Let
K be a field and | | a valuation in K: a real-valued function on K for which
0| =0, =1, |a-b|=]a|-|b|, |a + b| <|a| + |b| holds for any a,b € K.
These valuations were introduced in order to better understand the fields of
p-adic numbers constructed by Kurt Hensel in 1905. It was again Hensel who
first studied p-adic analytic functions in his book Zahlentheorie of 1913, where
he investigated properties of the p-adic exponential and logarithm. If the field
K is complete with respect to the valuation, then it makes sense to single out
the convergent power series. On any K-algebraic variety ¥V one has then a
natural notion of analytic functions, namely those functions which have locally
convergent power series expansions in algebraic parameters. This analytic
structure on ¥V was studied in the Cartan seminar of 1960,/1961. If the
valuated field K is different from the field of real or complex numbers, then it
is nonarchimedean, which is equivalent to being ultrametric, that is, |a + b| <
max({ |a|, |b|} is satisfied for any a, b € K. In this case K is totally disconnected
and the above-mentioned analytic structure fails to fulfill the basic principle of
analytic continuation. As Tate says, the analytic structure gets wobbly. The
main discovery of Tate consists in a procedure to define a rigid analytic
structure which saves the principle of analytic continuation and gives a useful
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analytic theory for nonarchimedean fields K. All this is explained very nicely

in the notes of Tate in 32 pages. The notes end with the definition of rigid
analytic spaces.

2. The book of Bosch-Gimtzer-Remmert. In the book of BGR (= Bosch-
Guntzer-Remmert) a systematic approach to Tate’s theory is provided in 415
pages. The book was planned in the late sixties and drafts of a large part of it
existed by 1970. It consists of a long part on valuation theory and linear
ultrametric analysis that should have been drastically shortened. The parts on
affinoid geometry are quite brilliant provided one can appreciate the
Bourbaki-type style of presenting mathematics. The word ‘affinoid’, whose
meaning seems to be now very widely known, was suggested by R. Remmert
around 1965; it is used to indicate that the affinoid spaces, which are the
maximal spectra of topological algebras of finite type over K, are hybrids
carrying affine algebraic as well as algebroid features. The prototype of such a
space is the closed unit polydisc {x = (x;,...,x,) € K™ |x;| < 1} which is
the spectrum of maximal ideals of the K-algebra of strictly convergent power
series in the variables x;,..., x,. Here K is also assumed to be algebraically
closed.

The book of BGR gives a survey of the main results of the research carried
out between 1965 and 1970 by a group of persons in Gottingen and Munster,
led by Grauert and Remmert. Their interest was concentrated on the abstract
concepts. Among the more important results were finiteness theorems for the
reduction functor and the functor of power-bounded elements, the proper
mapping theorem, and the characterization of the locally closed immersions.

Rigid analytic varieties are defined in BGR using Grothendieck topologies
given by systems of admissible open subsets and admissible coverings; they
have to satisfy the condition that there exists an admissible covering of the
entire space by affinoid subdomains. This approach is due to R. Kiehl.
Unfortunately no attempt is made to relate this concept to Tate’s A-structures,
which are defined by selecting morphisms.

In some respects the book of BGR does not carry the subject very far. It
makes no mention of differentials, derivations, or vector fields. There are not
enough interesting examples of rigid analytic varieties. There are almost no
indications of the more exciting developments of recent years. The application
to elliptic curves on the last pages is too meager.

3. The book of Fresnel-van der Put. The book of FP (= Fresnel-van der Put)
originated in a course given by M. van der Put in Bordeaux in 1979-1980. It
proceeds very differently from that of BGR. First of all it introduces the main
ideas and notions of rigid analytic geometry by studying the projective line.
Then it takes on the general case of affinoid and global analytic spaces. The
Grothendieck topology used seems to be much too weak; here I would advise
the reader to turn to the book of BGR. The last three sections are devoted to
applications; Tate curve, Néron model, stable reduction are treated, as well as
analytic tori which are abelian varieties. In this respect there is more meat, and
not only bones, than in BGR. For beginners the approach of FP will certainly

have advantages. As a reference book the one by BGR would certainly serve
better.
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4. Relation to formal geometry. A question which is not touched in either
book is the relation between rigid analytic geometry and Grothendieck’s
formal geometry. To me it seems that there is now a considerable need to
clarify this relation. For instance, there is the claim of Raynaud to the effect
that there exists an equivalence between the category of separable rigid
analytic spaces which have a finite affinoid covering and the category of
formal K-schemes of finite type localized relative to monoidal transformations
with center in sheafs of ideals containing some power of the maximal ideal of
K, where K is a discrete valuation ring with quotient field K; see also [Ma,
Chapter 1V, §3, and R].

In 1972 David Mumford published two very important papers, [M1, M2], in
which analytic constructions of degenerating curves and degenerating abelian
varieties over complete rings were introduced. In both papers the essential step
is the construction of a quotient space with respect to a discrete group of
automorphisms. Mumford carried out the constructions in the category of
formal schemes, eventually using Grothendieck’s formal existence theorem to
get projective varieties. An approach to this theory of nonarchimedean unifor-
mization in the category of rigid analytic spaces is presented in [MD, GP].

These exciting new developments are only mentioned once in the introduc-
tion in the book of BGR, while some aspects are included in FP.

Recently Chai and Faltings have used the methods of [M2] to construct
compactifications over Z of the moduli space of polarized abelian varieties. It
should be worthwhile to express these results and arguments in the category of
rigid analytic spaces also.

5. Current research. Let me finally indicate some areas of current research in
which rigid analytic geometry plays an important role not mentioned in either
book.

(a) DIFFERENTIAL EQUATIONS: Let X, be an algebraic, nonsingular variety
over the field of algebraic numbers and V), be a locally free module sheaf with
an integrable connnection v,. If K is a p-adic complete field one associates
with X, a smooth rigid analytic variety X;,. As in the classical case one gets a
rigid analytic connection V.. It has been conjectured by Baldassarri [B], that
the canonical homomorphism

H3r(Xo; (Vo,v)) = HZR(Xr‘ig; (Vrig’vrig )

is an isomorphism.

(b) MODULAR VARIETIES IN FINITE CHARACTERISTIC. Since Drinfield’s im-
portant papers on elliptic modules there is a theory of modular varieties for
arbitrary global function fields K, which is a counterpart to the classical
theory of elliptic modular curves, see [D, S, Go]. An important variety in this

context is some sort of upper half-space whose K-valued points can be
described as

P,(K )\ (union of all K_-rational hyperplanes)

where K is a completion of K, at a prime and K a complete algebraically
closed extension of K.
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(c) STABLE REDUCTION. M. van der Put [P] first used methods of rigid
analytic geometry to obtain the stable reduction theorem of Deligne-Mumford.
S. Bosch and W. Litkebohmert extended these methods and proved a rigid
analytic version of the semiabelian reduction theorem, first for Jacobian
varieties and then for abelian varieties [BL].

(d) p-ADIC ABELIAN INTEGRALS. Let C be a curve over the field Q,, of p-adic
numbers with good reduction and w a differential of the second kind on C. If
Z(T) is the numerator of the zeta function of a good reduction mod p of C,
then on suitable rigid analytic open subsets X of C, Z(®*)w is exact on X,
where @ is a lifting of Frobenius to X. Applying Dwork’s principle, that the
p-adic analogue of analytic continuation along a path is “analytic continuation
along Frobenius,” allows one to develop a global theory of p-adic integration
for differentials of the second kind; see [C]. This theory is used to study the
torsion points on curves lying on an abelian variety with complex multiplica-
tion.

(e) MODULI THEORY OF MUMFORD CURVES. The space of Mumford curves of
genus g over a nonarchimedean field K can be described with the help of a
nonarchimedean rigid analytic Teichmiuller space of representations of the free
group of rank g in PGL,(K), see [G, H]. Also there is a nonarchimedean
Siegel half-space H, over K and an action of GL(Z) on H, such that the
quotient space H,/GL (Z) coincides with a rigid open subdomain of the space
of principally polarized abelian varieties.

(f) MUMFORD SURFACES. In 1979 Mumford gave an example of an algebraic
surface using p-adic uniformization [M3]. There is a need for a more sys-
tematic treatment of these ideas and techniques. I have the impression that
various authors are working on this question using rigid analytic geometry.

(g) p-ADIC L-FUNCTIONS. P. Schneider has presented a way of constructing
p-adic L-functions using directly Mumford’s theory of p-adic uniformization.
If T is a free compact subgroup of SL,(Q,) and f an automorphic form of
weight n for I', then a p-adic L-transform p is constructed and L,(f,s) is
defined to be the integral | z3 k'~*du,, where k is the canonical projection
Zy > 1 - pZ,; see[Sch].

REFERENCES

[B] F. Baldassarri, Comparaison entre la cohomologie algébrique et la cohomologie p-adique rigide
a coefficients dans un module differentiel. 1, 11, preprint, Padova, 1985.

[BL] S. Bosch and W. Littkebohmert, Stable reduction and uniformization of abelian varieties. 11,
Invent. Math. 87 (1984), 257-297.

[C] R. F. Coleman, Torsion points on curves and p-adic abelian integrals, Ann. of Math. (2) 121
(1985), 111-168.

[Ch] Ching-Li Chai, Compactification of Siegel moduli schemes, Thesis, Harvard, 1984.

[D] V. G. Drinfel'd, Elliptic modules. 1, II, Math. USSR-Sb. 23 (1974), 561-592; 31 (1977),
159-170.

[F] G. Faltings, Arithmetische Kompaktifizierung des Modulraumes der abelschen Varietaten,
Arbeitstagung Bonn 1984, Springer Lecture Notes in Math., pp. 321-383.

[G] L. Gerritzen, Die Jacobi-Abbildung uber dem Raum der Mumfordkurven, Math. Ann. 261
(1982), 81-100.

[GP] L. Gerritzen and M. van der Put, Schottky groups and Mumford curves, Lecture Notes in
Math., vol. 817, Springer-Verlag, Berlin, 1980.



BOOK REVIEWS 243

[Go] D. Goss, The algebraist’s upper half-plane, Bull. Amer. Math. Soc. (N.S.) 2 (1980),
391-415.

[H] F. Herrlich, Nichtarchimedische Teichmidlertheorie, Habilitationsschrift Bochum, 1985.

[Ma] Yu. Manin, p-adic automorphic forms, J. Soviet Math. 5 (1976), 279-333.

[M1] D. Mumford, An analytic construction of degenerating curves over complete local rings,
Compositio Math. 24 (1972), 129-174.

[M2] , An analytic construction of degenerating abelian varieties over complete rings,
Compositio Math. 24 (1972), 239-272.

[M3] , An algebraic surface with K ample, (K*) = 9, p, = ¢ = 0, Amer. J. Math. 101
(1979), 233-244.

[MD] Yu Manin and V. Drinfel'd, Periods of p-adic Schottky groups, J. Reine Angew. Math.
262 /263 (1973), 239-247.

[P] M. van der Put, Stable reductions of algebraic curves, Indag. Math. 46 (1984), 461-478.

[Sch] P. Schneider, Rigid-analytic L-transforms, Number Theory, Noordwijkerhout 1983, Proc.
Journées Arithm., Springer Lecture Notes in Math., vol. 1068 (1984), pp. 216-230.

[St] U. Stuhler, p-adic homogeneous space and moduli problems, preprint, Wuppertal, 1985.

[T] J. Tate, Rigid analytic spaces, Invent. Math. 12 (1971), 257-289.

[R] M. Raynaud, Géométrie analytique rigide d’apres Tate, Kiehl,..., Table Ronde d’Analyse
non archimédienne, Bull. Soc. Math. France, Mém. 39-40, 1974.

LOTHAR GERRITZEN

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 15, Number 2, October 1986

©1986 American Mathematical Society

0273-0979,/86 $1.00 + $.25 per page
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“Why is the A-genus of a spin manifold an integer?”

The two mathematicians who asked each other this question in Oxford in the
early sixties answered it in the form of a theorem which is still being
generalized and reproved nearly a quarter of a century later. The question itself
concerned a result in algebraic topology drawn from the pages of Borel and
Hirzebruch, but the answer the pair sought was an analytical one—the integer
ought to be the index of an elliptic operator. Finding that operator, the Dirac
operator, was a turning point in their endeavors and added another example to
the Gauss-Bonnet theorem, the Riemann-Roch theorem, and the Hirzebruch
signature theorem, each of which could now be considered as a special case of
one all-embracing theorem—the index theorem of Atiyah and Singer.

In its most basic form the theorem says how to calculate the index of an
elliptic operator D on a closed manifold in terms of topological invariants of
the manifold. The index of D is the difference dimker D — dim coker D, and
the topological invariants are characteristic classes of the tangent bundle of the
manifold and of the vector bundles on which the operator D is defined. In its
refinements, the index is interpreted as more than simply an integer. For
example, if a group G acts on the manifold, there is an index in the



