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1. Multipliers. One of the simplest examples of a multiplier in a space of 
differentiable functions is a measurable function y(x), x G RW, such that the 
operator of pointwise multiplication u -> y • u is bounded from the Sobolev 
space W^ on Rn into L2 on Rn\ equivalently, there is a constant c such that 

(1) ƒ \y(x) • <t>(x) fdx < cƒ (| V*(x) |2 + |* (x) f) dx 

for all <j> e C0°°(R"). The space of all such y is denoted by M(W} -* L2), with 
the smallest c in (1) the square of the multiplier norm of y. Clearly, one can 
easily extend this notion to pairs of higher-order Sobolev spaces: Wp

m -> Wf, 
k < m, 1 <p,q < oc, or for that matter, to any of the various pairs of 
function spaces that naturally occur in analysis. The coefficients of a differen­
tial operator acting on Sobolev functions can be interpreted as multipliers. For 
example, if P(x, D)u = L{a{<kaa(x)D?u, then P: Wp

m -> Wp
m~k is continu­

ous when aa e M(Wp
m~lal -» Wp

m~k). The function y is called a compact 
multiplier if the operator of pointwise multiplication is a compact operator. 
The principal theme of the book under review (referred to below as Multi­
pliers) is the characterization of multipliers and compact multipliers in the 
basic Sobolev-type spaces used in analysis. Because of their connection to 
differential equations, it is not surprising that there are plenty of sufficient 
conditions in the literature for multipliers or compact multipliers. For example, 



BOOK REVIEWS 255 

saying simply that "the coefficients are sufficiently smooth" in a differential 
operator is one such condition. The object, however, is to find necessary and 
sufficient conditions, or even just good sufficient conditions. Here the word 
"good" describes some ideal (largest) useful subclass of multipliers that can be 
easily and simply described. 

A necessary and sufficient condition on y that insures (1) for « ^ 2 is 

(2) sup( ƒ |Y(JC) I dx/ca.p(E)\ < oo, 

where the supremum is taken over all compact subsets E of R" of diameter < 1. 
Here cap(E) is the infimum of the integral on the right-hand side of (1) over 
all C™(Rn) functions <t> that are > 1 on E. This set function (capacity) is an 
equivalent form of the classical Newtonian capacity of E when n > 3 and the 
logarithmic capacity of E when n = 2. When n = 1, condition (2) simplies. It 
becomes 

(3) sup ( | Y ( > 0 I dy < oo. 
x J\x-y\<l 

These characterizations are the prototypes of the various characterizations of 
spaces of multipliers found in Multipliers. Condition (2) originated with V. G. 
Maz'ya [1]. The compact multiplier characterizations are given in an analogous 
fashion. 

Condition (2) has its drawbacks. It requires that each compact set be 
checked; it is well known that just letting E in (2) range over all balls in Rn is 
not enough. Nevertheless, (2) is surprisingly useful. For example an easy 
potential-theoretic argument shows that 

(4) sup/* \x - y\2-n\y{y)\2 dy < K 

implies (2) when n ^ 3. Also the " isoperimetric inequality" between Newto­
nian capacity and Lebesgue measure of a body implies that if y is in the 
Lebesgue space Ln, then (2) holds. Several authors have recently investigated 
the possibility of replacing condition (2) altogether, by a condition using only 
balls. For example, R. Kerman and E. Sawyer in [2] show that (1) is equivalent 
to 

(5) sup | fB [G^lYl2 • XB)]2dx/fB \y\2dx} < oo, 

where XB is the characteristic function of the ball B, and Gx(f) denotes the 
Bessel potential of ƒ of order 1. Also, f or n > 3 there is a simple and elegant 
sufficient condition for (1) using only balls due to C. Fefferman and D. H. 
Phong [3], It reads 

(6) sup j | £ | 2 ' / n - 1 | \y(x)\2*dx\ < oo 

for some p > 1. Notice that (6) reduces to (2) when E = B and p = 1. Other 
recent work extending the Fefferman-Phong result are contained in [4, 5, and 
6]. In these latter papers the idea is to characterize the multipliers on weighted 
Sobolev spaces. 


