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1. Introduction. With statistical mechanics having been a central theme in my 
research program, it gives me special pleasure to have been invited to lecture in 
memory of one of its great founding fathers, J. Willard Gibbs. I feel personally 
closer to Gibbs than to two of the other fathers, Maxwell and Boltzmann. 
During the late 1940s and early 1950s, I had the good fortune of having many 
discussions with Edwin Bidwell Wilson, collaborator on the Gibbs-Wilson 
vector analysis book, probably the Gibbs student closest to the master, and 
eighth Gibbs lecturer. Since Wilson's favorite topics for discussion were Gibbs 
and the National Academy of Sciences, after n of these I began to feel that 
Gibbs was a third grandfather, one whom I never had the joy of knowing, and 
that I was prematurely a member of the inner circle of the National Academy 
of Sciences. Incidentally, Wilson (author of a once-popular advanced calculus 
book, editor of the Proceedings of the National Academy of Sciences during the 
period when it evolved into an internationally prominent journal, and for a 
time professor of vital statistics at the Harvard School of Public Health) 
considered himself to be the middleman of statistical mechanics in the United 
States. He was Gibbs' student and a teacher of Richard Tolman, whose 
treatises on the subject were classics of the 1920s and 1930s. Wilson, while 
head of the MIT Physics Department in the early 1920s, hired J. S. Slater, who 
became a teacher of Jack Kirkwood, the man who directed more Ph.D. 
students and postdoctorals in statistical mechanics than any other American 
professor. 
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Wilson also liked to identify himself as Calvin Coolidge's scientific advisor. 
Apparently, Coolidge enjoyed reading the rotogravure section of the Sunday 
newspapers, which frequently contained some picture news about science. 
Wilson was not surprised on a Monday morning when he got a phone call 
from Coolidge querying him about one of the science articles. Ever so seldomly 
Coolidge would also consult Wilson about some science-directed bill that he 
was asked to sign. 

The broad subject from which this lecture will draw special topics, the role 
of mathematics in the social sciences, was one that especially interested Gibbs 
in his later years even though he did not make direct contributions to it 
himself. One of his last students was Irving Fisher who wrote, partly under 
Gibbs' direction, a Ph.D. thesis entitled Mathematical investigations in the 
theory of value and prices. To quote Fisher:1 

Professor Gibbs showed a lively interest in this youthful work and 
was especially interested in the fact that I had used geometric 
constructions and methods including his own vector notation. 

I recently turned to the April 1930 Bulletin of the American Mathematical 
Society to reread the Irving Fisher seventh Gibbs Lecture,1 The application of 
mathematics to the social sciences, dehvered to the Society on the 29th of 
December 1929, and I realized that a bit of trauma must have entered Fisher's 
life between the date he received the invitation to speak and the day of the 
lecture. Fisher was the chief academic spokesman for the wonders of the stock 
market boom of the late 20s. As one of the major academic economists and an 
eternal optimist, he was frequently invited to lecture to business and invest­
ment groups on the future of the market and was much quoted in the 
newspapers and on the radio. His state of mind during the winter of 1929 may 
be deduced from three of the pronouncements that I extracted from John 
Galbraith's The Great Crash.2 

October 15th: 
"Stock prices have reached what looks like a permanently high 
plateau. I expect to see the market a good deal higher than it is 
today. . ." 

October 21st: 
"The decline represents only a shaking out of the lunatic 
fringe... the market has not yet reflected the beneficent effects of 
prohibition which has made the American worker more productive 
and dependable." 

TUESDAY, OCTOBER 29TH WAS THE WORST DAY IN TRADING HISTORY. 

November 3rd: 
"It was the Psychology of Panic. It was mob psychology and it was 
not primarily that the price level was unsoundly high. The fall of 
the market was very highly due to the psychology by which it went 
down because it went down." 
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The crash notwithstanding, Fisher's Gibbs Lecture was an excellent review 
of the history and the current status of attempts to apply mathematics to the 
social sciences; its published version may still be read with profit by those 
interested in the history of ideas and applied mathematics. 

In addition to reflecting Gibbs' late interests, I have also selected the subject 
of this lecture in partial response to a plea of the late President Handler of the 
National Academy of Sciences in his retiring presidential address of April, 
1981:3 

. . . what I would particularly like to direct to your attention is the 
pressing need... for the development of sophisticated analytical 
approaches to large sociotechnical systems. 

2. The entropy function in sociotechnical systems. A major contribution of 
Ludwig Boltzmann, who with Gibbs is considered a founding father of 
statistical mechanics, was the identification of a statistical construct with the 
thermodynamic entropy of a material system, the first example of such a 
system that he examined being a perfect gas4 (1877). His construct gave a 
measure of randomness or disorder in the system and allowed him to take the 
view that a complex system of atoms and molecules achieved as random a state 
as possible consistent with constraints introduced by conservation laws, i.e., 
conservation of numbers of particles and of the total energy of the system. 

Basically, the function that became ideal for this view was 

N 

(1) #=-£/>/ logƒ>, with/?, >0, 
i = i 

a function we shall call the entropy function. Usually the pt's are postulated to 
be normalized so that 

(2) E p, - I-
i - 1 

Frequently, the subscript i is identified with a possible state of a physical 
system, with the pt representing the probability that the system achieve the / th 
state. The fact that H measures the degree of randomness in a system may be 
seen by comparing its value for two extreme cases. If all states are equally 
likely, pt = 1/N of all i, a most random case 

(3a) # = logiV. 

The larger the N, the larger the entropy; i.e., the more random the system, the 
larger the entropy. In the most specified, least random case, the system is 
certainly in a single state, say the state j with probability 1 so that p- = 1 with 
all other pt being 0. Then 

(3b) H = 0. 

Thus absolute certainty has the minimum entropy. 
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The definition of H may be extended to the case that the states are 
represented by a continuous variable x. If x has the range -oo < x < oo then 
we define H as 

/
oo 

p(x)\ogp(x)dx, 

p(x) dx being the probability that the variate Hes between x and x + dx, with 

(4b) f ° p(x)dx = l. 
• ' - o o 

It is easy to show (and was already known to Boltzmann) that when the 
dispersion a of p(x), is given so that 

(5) a 2 = f ° x2p(x)dx = <x2>, 
• ' - o o 

the function that maximizes the entropy is the Gauss distribution 

(6) p(x) = (27ra2)~1/2exp(-jc2/2<r2) so that H = l oga (2^ ) 1 / 2 . 

The larger a, the larger H. When x is restricted to the positive half-line and the 
mean value of x is given by the value /A, 

/•OO 

(7) ju, = ƒ x/?(x)dx; == ( x ) , 

it can be shown that the distribution p(x) that maximizes the entropy is the 
exponential 

(8) p(x)=-n-1Qxp(-x/ix). 

Both the Gaussian and exponential distributions are basic in statistical 
mechanics. In the case of a perfect gas the kinetic energy, which is conserved in 
molecular collisions, is quadratic in the momentum. If the average value of the 
sum of the squares of the momentum is constant and the entropy function is 
maximized under this auxiliary condition, one obtains the Maxwell distribu­
tion function for the moment or the velocity of an individual molecule. The 
canonical ensemble distribution of the energy of a system is the exponential. 

For seventy years the domain of the entropy function was restricted to the 
field of statistical mechanics and the applications of that subject to the 
physical sciences, until in 1948 Claude Shannon5 (36th Gibbs Lecturer), in 
elaborating on the pioneering work of Ralph Hartley and Harry Nyquist, 
identified the entropy function as an ideal measure of the information trans­
ferred in communication systems. Thus the entropy function appeared in the 
characterization of the output of a sociotechnical system. 

Shannon observed that, if after long experience with message transfer 
through a communication channel incorporating a code that employs N 
symbols identified by j = 1,2,..., N, it is found that the jth symbol appeared 
with probability pj9 then the maximum information transfer rate becomes 

(9) H^-c^pjlogpj. 
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The constant c depends on the base of the logarithm and on the rate that the 
source device emits symbols. The information transmission rate may also be 
related to the continuum entropy when the message is propagated in a 
continuous wave form. Let W be the bandwidth of the transmitter. Then the 
message wave form may be Fourier analyzed as a linear combination of W 
harmonics. If an ensemble of continuous messages is coded so that the Fourier 
coefficients all have a Gauss distribution with a common dispersion, then the 
information transmission rate is proportional to H given in equation (6). This 
follows from the assertion following (5) concerning the Gauss distribution. 

Noisy circuits carry less information. If P is the signal power and N is the 
power of interfering Gaussian noise, then, as Shannon (equation (9)) showed, 
the information transfer rate is proportional to H = Wlog[l + (P/N)] = 
WP/N. The asymptotic form is valid when N » P, conforming to the 
engineers' rule of thumb that broad bandwidth circuits carry information at a 
higher rate and that a simple way to overcome noise is to enhance the signal. 

The communication systems considered by Shannon were composed of a 
message input element, a transmission channel, and a message output element. 
Since the entropy function appeared in a natural way for the information 
transfer rate in such a system, we might ask if the function could also be 
important in other sociotechnical systems that are composed of an analogous 
set of three components. 

A. ENTROPY FUNCTION IN A TRAFFIC STREAM.6 An example that immediately 
comes to mind is a highway transportation system that has an input provision 
for a vehicle and a road providing the channel for travel to an exit point. 
About twenty-five years ago, Robert Herman, the author, and colleagues at the 
General Motors Research Center performed car-following experiments and 
made numerous observations on flow on single-lane roads (and multilane 
highways under high-density conditions so that weaving from one lane to 
another was rare).7'9 I now show that an entropy function evolves naturally 
from the observed stimulus-response equation that describes the manner in 
which a car follows its predecessor in a platoon. 

Let us consider a platoon of N cars identified as n = 1,2,..., N flowing 
along a long, single-lane highway void of traffic signals. An equation found to 
describe with remarkable accuracy the response of a follower (identified by 
n + 1) to the behavior of a leader (identified by n) is7-10 

P.) ^ , ( . + A ) / « - ^ < ; > :*;*>} 

in which vn(t) is the velocity of car n at time t9 xn(t) is the location of the 
front end of that car at time t, and A is the time lag between the stimulus 
provided by the lead car and the response by the follower. The time lag A, 
which varies from person to person, is about 1.5 seconds. Equation (10) is a 
quantitative reflection of the fact that an (n + l)st driver accelerates when his 
relative speed is too slow and decelerates when it is too fast. When the driver 
he follows is far ahead of him, his response is not as sensitive as when close. 


