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MAXIMUM ENTROPY AND THE MOMENT PROBLEM 

H. J. LANDAU 

Introduction. The trigonometric moment problem stands at the source of 
several major streams in analysis. From it flow developments in function 
theory, in spectral representation of operators, in probability, in approxima­
tion, and in the study of inverse problems. Here we connect it also with a 
group of questions centering on entropy and prediction. In turn, this will 
suggest a simple approach, by way of orthogonal decomposition, to the 
moment problem itself. 

In statistical estimation, one often wants to guess an unknown probability 
distribution, given certain observations based on it. There are generally in­
finitely many distributions consistent with the data, and the question of which 
of these to select is an important one. The notion of entropy has been proposed 
here as the basis of a principle of salience which has received considerable 
attention. We will show that, in the context of spectral analysis, this idea is 
linked to a certain question of prediction by the trigonometric moment 
problem, and that all three strongly illuminate one another. The phenomena 
we describe are known, but our object is to unify them conceptually and to 
reduce the analytic intricacy of the arguments. To this end, we give a 
completely elementary discussion, virtually free of calculation, which shows 
that all the facts, including those concerning the moment problem, can be 
understood as direct consequences of orthogonal decomposition in a finite-di­
mensional space. We then describe how, in its continuous version, this leads to 
a view of second-order Sturm-Liouville differential equations, and conclude 
with some questions concerning the connection between combinatorial ideas 
and orthogonality in this problem. 

Entropy and statistical inference. Suppose that we are interested in the 
distribution of some quantity, but know only the values of certain averages 
defined by that distribution, which are insufficient to specify it uniquely. For 
example, we might have tossed a six-sided die fifty times, wishing to find how 
often each face appeared, but were able to observe only the average value of 
these faces. What should we select as an appropriate distribution, on the 
strength of the available information? Various criteria have been proposed to 
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guide the choice; we focus on the following argument, which brings into play 
the notion of entropy, prominent in information theory. 

Suppose that an experiment, which can have k different results, is performed 
in a (long) run of N repetitions. If the z'th result occurred nt times in the run, 
we denote by f = nt/N its realized frequency', clearly, f ^ 0, £ ƒ, = 1. A set 
{/J of such numbers is called a distribution ƒ, and the quantity Hf = 
-£f=i ft log/) is termed the entropy of that distribution. 

There are kN distinct possible outcomes for a run of N trials of the 
experiment. Of these, the number which give rise to a particular distribution of 
frequencies f v . . . , fk is W = N\/(Nf1)\ • • • (Nfk)\, whence, for large N, 
Stirling's formula shows (\ogW)/N to be asymptotic to Hf. Thus distributions 
having entropy close to the maximum are realized in the greatest number of 
ways, hence occur most often in the list of all possible outcomes. Suppose now 
that we cannot directly observe the realized frequencies f v . . . , fk in a run, but 
that some process of measurement has fixed the values of certain functions of 
the {ƒ)}. If, correspondingly, we restrict consideration to only those runs in 
which the frequencies satisfy these prescribed constraints, the same counting 
argument again shows that the vast majority have frequency distributions for 
which the entropy is close to the maximum attainable under the constraints. 

In its limiting asymptotic form, this phenomenon was known already to 
Laplace. For constraints that are linear in the { ƒ,}, a more precise quantitative 
description, as a function of N and of the number of constraints, has been 
given by E. T. Jaynes in the entropy concentration theorem [20]. This result 
allows an accurate estimate of how sharply the entropy is concentrated, and 
shows that distributions whose entropy is close to the maximum predominate 
among all the possible outcomes even for relatively small values of N. Thus the 
frequency distribution having greatest entropy, subject to the constraints, can 
be viewed as the most representative of the class of candidates, and therefore a 
good guess for the unknown frequencies underlying the observed data. 

One can also express this in the language of information theory where, 
intuitively, the information associated with an outcome measures how surpris­
ing its occurrence is among the various possible outcomes. In these terms, as 
the entropy-maximizing distribution is encountered most often in the ensem­
ble, it is the least informative, for a different one would exclude the bulk of 
possibilities and thereby convey more information—indeed, the argument 
goes, more than the data warrant. 

In sum, the distribution with largest entropy, which fits the observations, is 
recommended as the most typical of the possibilities or, equivalently, as the 
most appropriate to the available information. The formulation here is de­
liberately combinatorial, so as to yield clear-cut conclusions, free of the 
complications attendant on interpreting probability as frequency. Nevertheless, 
it seems sensible—albeit with less precise justification—to use this distribution 
also to represent the probabilities in a probabilistic model of the experiment. 

The reasonableness of entropy maximization as a selection mechanism is 
independently supported by the axiomatic analysis of J. E. Shore and R. W. 
Johnson [36], which establishes that criterion as the only method of inference 
satisfying certain consistency conditions. Moreover, the principle that nature 


