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technique to the Dirac operator, Lichnerowicz showed that if a compact spin
manifold M** of dimension 4k has positive scalar curvature, its only harmonic
spinor is zero, from which it follows by the Atiyah-Singer index theorem that
its A-genus is zero. Thus positive scalar curvature could have a topological
implication. Following a question of Kazdan-Warner, R. Schoen and S. T.
Yau, using minimal surfaces, proved that the three-dimensional torus T3 (as
well as many other three-manifolds) does not have a Riemannian metric of
positive scalar curvature. M. Gromov and B. Lawson showed that this is also
true for the n-dimensional torus 7", by using the Dirac operator.

Generalizing the two-dimensional case, Yamabe had the idea of attaining a
constant scalar curvature metric on a compact manifold M” of dimension
n > 3 by a pointwise conformal transformation. Important progress on this
problem, the Yamabe problem, was achieved by T. Aubin and the work was
recently completed by R. Schoen. The result is a positive answer to the
Yamabe problem.

Concerning the Ricci curvature, the most important result is perhaps the
Calabi conjecture, which was proved by S. T. Yau. Given a compact Kahler
manifold M, its Ricci form is of type (1, 1) and belongs to the first Chern class
¢;(M) in the sense of de Rham cohomology. The Calabi-Yau theorem says
that any closed form of ¢,;(M) can be realized as the Ricci form of a Kahler
metric of M. The theorem has many consequences. The proof of the theorem
can now be simplified, using an interior estimate of L. C. Evans.

Another nice result on the Ricci curvature is the following theorem of
R. Hamilton: Let (M3, g,) be a compact 3-manifold with positive Ricci
curvature. Then there is a family of metrics g,, 0 < ¢ < oo, with positive Ricci
curvature, where g is an Einstein metric and hence has constant positive
sectional curvature.

The above are some highlights of the monograph. The monograph is
informative, up-to-date, and contains a list of open problems. A natural
question is: why Riemannian? A study of analogous problems on Finslerian
manifolds, which are based on more general variational problems, will not only
open to a new horizon, but also give a better understanding of the Riemannian
case itself.
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Infinite dimensional Lie algebras, by Victor G. Kac, second edition, Cambridge
University Press, 1985, xvii + 280 pp., $24.95. ISBN 0-521-32133-6

The first edition of this book was published by Birkhauser-Boston in 1983. It
is testimony to the broad interest of the subject, barely twenty years old, and to
the merits of the book that 1985 already saw the appearance of a second
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edition. There are no major changes or additions here from the first edition,
only corrections and updates of the bibliography. Reviews of the first edition
appeared at least in the Zentralblatt V. 537, review # 17001 (B. Weisfeiler) and
in the Bulletin of the London Math. Society 17 (1985), 401-404 (R. Carter).
The former is rather brief. The review by Carter stresses connections with other
branches of mathematics, and that is without doubt the feature of the subject
that gives the book its importance. Such connections are dense throughout
roughly the last hundred pages of text.

The beginnings of the subject were not thus motivated. When Serre gave his
presentation for finite-dimensional complex semisimple Lie algebras (see [14 or
4]), R. V. Moody was a graduate student at Toronto. It appears to have struck
him and/or M. Wonenburger, his adviser, as an interesting question to ask
what happens if the conditions on the Cartan matrix (a,;), that determines the
Serre relations, are weakened. Moody was able to write a fine thesis on this
question [11, 12]. Particularly interesting was the case where, in addition to
rather natural assumptions, the matrix (a,;) is singular but each proper
principal submatrix is one of those considered by Serre. Moody [13] and other
early authors referred to this as the “Euclidean” case, but now “affine” seems
the preferred term.

At the same time, Lie algebras with a Z-grading were under study in
Moscow. This work seems mainly to have been motivated by efforts to
characterize, or narrowly to enlarge to an axiomatically defined class, the
graded Lie algebras associated with simple Cartan pseudogroups (see, e.g. [15]).
Apparently as an afterthought to a paper aimed at such a characterization,
Kantor observed that, in a “generic” case, a subset of the Serre relations
already presented a simple graded Lie algebra [6]. Meanwhile, Kac was
studying simple, or nearly simple Z-graded Lie algebras g = & g; such that
d(n) = ¥, < ,dim g; grows polynomially with n. There were additional techni-
cal conditions, among them that g_, + g, + g, generates g and that the
adjoint action of g, on g_; is faithful and irreducible. (In the case of linear
growth of d(n), O. Mathieu has recently shown these restrictions to be
unnecessary.) An important device used by Kac was that if elements e,, ..., e,
span g,; fi,..., f, span g_;; and if g, contains commuting elements 4,,..., A,
with [e;f;]1=8,h,, [he)] = a;e;, [h;f]= -a;f;, then for “most” matrices
(a,;) the universal graded algebra with g_; + g, + g; as its part in these
dimensions is of faster-than-polynomial growth and has no proper graded ideal
intersecting g_; + g, + g; trivially. (Such a universal algebra was also con-
structed by Kantor, and it is the algebra he proved simple.)

This observation made it possible for Kac to rule out many configurations,
and ultimately to solve his problem. The solution had to include more than
Cartan pseudogroups and finite-dimensional Lie algebras; Kac noted that if ¢
is an indeterminate and § is a finite-dimensional complex simple Lie algebra,
then C[t,¢7!] ® &, graded by powers of ¢, satisfies the condition (with d(n)
linear), as do some “twists” of this construction, associated with a symmetry of
the Dynkin diagram of §. These algebras have generating sets {e,, f;, h;} as
above, where the matrix (q,;) is one of the “affine” ones, classified indepen-
dently by Kac and by Moody. The additional Serre relations hold, but do not
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present Kac’s simple algebras; Moody’s algebras here contain a nontrivial
central combination of the h,. (Final clarification of the relation between the
constructions was only given by Gabber and Kac in 1981 [3].)

In 1970, the new infinite-dimensional Lie algebras did not seem like much
more than curiosities. They had root systems and Weyl groups, and these
“affine” systems had also turned up in the work of Iwahori and Matsumoto on
p-adic Chevalley groups [5]. They were important enough to be incorporated,
as abstract root systems, into the treatise of Bourbaki [1]. Then, in 1972, 1. G.
Macdonald observed that if one pretended that an affine root system was the
root system of a Lie algebra whose trivial module satisfied a seemingly natural
analogue of Weyl’s character formula, specialization of power-series variables
yielded identities involving Dedekind’s eta-function.

It was not quite so neat as that. The known identities were only duplicated if
one modified the “product side” by a factor that turned out to be an infinite
product of polynomials in e~%, where & is a minimal positive “null” root
({8, h,;) = 0, all i). Macdonald was able to give a combinatorial proof of his
corrected identity, based on the finite-dimensional theory.

The intervening time had not been one of inactivity—for example, Moody
and Teo had studied the adjoint Chevalley group corresponding to one of the
new Lie algebras. But it is probably correct to say that the results of
Macdonald gave the impetus to the swell of activity that we are still experienc-
ing. Kac, Moody, and Garland, each in his own way, set about explaining
Macdonald’s identities via characters of representations. All were led to
consider highest-weight modules, but without the “Harish-Chandra homomor-
phism” at their disposal. Kac used Bernstein-Gelfand-Gelfand resolutions,
Moody used a suitable Casimir operator, and Garland showed that one could
develop a complete analogue of Bott’s theory of n*-cohomology for the trivial
module. This was then extended by Garland and Lepowsky to other highest-
weight modules. The result in each case was a “natural” setting for Mac-
donald’s formulas, with a natural explanation for the mysterious factor.
Highest-weight modules were also being studied by Marcuson, as natural
modules for the action of groups like Chevalley groups.

A number of the ideas and insights that went into this work offer something
new even in the case of finite-dimensional semisimple Lie algebras. In fact, the
twisted (“k > 17, in the author’s notation) algebras supplied Kac with an
effective tool for classifying automorphisms of finite period in the classical
case.

A rough approximation to the first ten chapters of the book (of fourteen in
all) could be given by saying that they present the ideas and results of the
theory up to the historical point now reached in this account. To leave it at
that would be unfair; the chapters are improved by all the insights, extensions,
and embellishments that the author and others have added. The main points
are developed quite carefully and with consideration for a reader who may be a
graduate student. Changes from the first edition include occasional sentences
to clarify terminology, correction of most typographical errors, and a general
addition of touches to make the work more understandable. In his introduc-
tion, the author notes that “The book was prepared using D. Knuth’s TEX.”






