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Compact groups are marvelous. In many branches of mathematics and
physics they arise quite by nature, frequently, but not always in the form of Lie
groups. They have a long history—long anyhow by the standards of functional
analysis. Yet they still provide stimulation for current research. The field of
compact groups offers an excellent testing ground for analysts, topologists, and
algebraists alike as soon as they care to verify their results in the case of
compact groups.

There are good theoretical reasons for this. For example, the entire topologi-
cal structure of a connected locally compact group is carried (up to a
topological copy of R" as direct factor) by a compact subgroup which is unique
up to conjugation. In the representation theory of locally compact groups,
compact groups are not only a model after which the more delicate results of
the general theory are fashioned, but they are frequently a determining element
in such processes as the construction of induced representations. The best part
of the duality theory of locally compact abelian groups concerns the bijective
correspondence of compact abelian and discrete abelian groups, and this
situation remains quite significant even in the simplest situations involving
compact abelian Lie groups on the one hand and finitely generated abelian
groups on the other.

The theory of compact groups pivots around the subclass of compact Lie
groups. (Dieudonné in 1973: “Les groupes de Lie sont devenus le centre des
mathématiques. On ne peut rien faire de sérieux sans eux.” [7]) In this area we
find the richest treasures of the whole theory. Compact groups yielded the first
partial solution to Hilbert’s Fifth Problem which stipulated that any locally
euclidean topological group should be a Lie group [17]. Soon it emerged that
every compact group can be approximated in a controlled fashion by compact
Lie groups, a fact which was distilled into its modern form by the mid-thirties
[19]. 1t is true that the basic representation theory of compact groups rests on
real analysis and functional analysis; but the representation theory of compact
Lie groups is at the root of the representation theory of arbitrary compact
groups in its more subtle aspects. Compact Lie groups and their homogeneous
spaces are prime examples of compact smooth manifolds. It is here that the
fundamental concepts of the calculus of several variables and of differential
geometry may be tested and brought to good use. Many of the elementary
aspects of differential geometry are based on properties of the orthogonal
groups. The vector product in R* which pops up in so many elementary
mathematics and physics courses remains mysterious until it is recognized as
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the Lie bracket of so(3). Many of the most significant groups appearing in
physics are compact Lie groups, and even the finer aspects of their representa-
tion theory are of intense interest to physicists. Mathematicians and physicists
alike may justifiably indulge in classifying, cataloguing, and listing compact
Lie groups and, in this process, learn that a firm grasp of the mathematical
concepts is not only of great help: It is indispensable. New and unexpected
applications of compact Lie groups appear persistently through their history;
for some recent developments in which they provide a surprising link between
differential geometry and number theory see [8].

The text by Brocker and tom Dieck on representations of compact Lie
groups is an inspired and mature book on an inspired and mature subject. We
have come a long way in the textbook situation on Lie groups since the
mid-sixties. In those days, the only modern exposition available was Chevalley’s
book of 1946; Cohn’s and Pontryagin’s approach was very classical. The
Séminaire Sophus Lie was the most up-to-date source available, an influential
forerunner of Bourbaki’s book on Lie theory, and one whose impact is still felt
in the book before us; but it was certainly not easy fare for most consumers at
the time. Meanwhile one had to fall back on various sets of lecture notes which
circulated more or less sporadically. I recall notes by Freudenthal (later to flow
into his book with de Vries [9]), the Bonn Lecture Notes of Tits of 1963-64
(compiled by Kramer and Scheerer, recently available as a book [18]) or the
Tubingen Notes of 1963-64 (compiled in part by Falko Lorenz, [11]). The
situation began to change dramatically with the appearance of Hochschild’s
book in 1965 [10], remarkably, still an up-to-date book over twenty years later,
which is rightfully consulted to this day and which also influenced the book
under review. From there on the sailing was easier. We could almost speak of a
surfeit of attempts to present Lie theory in one form or another.

On the side of Lie algebras, the situation had been better all along. Most of
the theory here is based on nothing but a sound knowledge of linear algebra.
Thus a good selection of monographs, texts, and lecture notes was available
with Jacobson’s book of 1962 [16] as something like a model. With Lie groups,
however, the situation is different. I believe that a good foundation of Lie
group theory is a difficult matter. On a sophisticated level, this is borne out by
the fact that it took Bourbaki himself such a long time to get to this point [6].
He is still not finished with this project, but compact Lie groups are so far the
last subject covered in this series. On the level of teaching, it is not at all clear
to me that anyone has yet found the best way of approaching the subject.
Probably there is no ultimate pedagogical solution; there may very well be
different locally optimal approach routes depending on the students’ back-
ground as much as on the teachers’ bias. In the past, texts specifically devoted
to compact groups as such have been conspicuously absent (save certain sets of
lecture notes with some distribution such as [12]). Material on compact groups
had to be tracked down in sources either on Lie theory or on harmonic
analysis.

Brocker and tom Dieck introduce global Lie group theory in the first fifty
pages of the book. There is no nonsense. They start off with manifolds, tangent
bundles, vector fields, flows, differential forms, principal bundles, the lot.
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Invariant integration on Lie groups is secured by transporting some fixed
volume element in the tangent space at the identity via left translation.
Examples accompany the development from the first page. Commendably, the
authors alert the physics-oriented readers at an early stage that certain stan-
dard notation in the physics literature deviates from that in the mathematical
one, which is why we hear so much about hermitian operators in quantum
mechanics while, for the mathematician, the infinitesimal generators of a
unitary group are skew hermitian. A complete treatment of Clifford algebras
and the construction of the spinor groups conclude Chapter 1.

Armed with an adequate invariant integration for Lie groups, the authors
can take up “elementary representation theory” in Chapter II. After clearing
out the required linear algebra, they define representative functions and
characters and develop the complete orthogonality formalism and its first
consequences. They hasten to give an immediate survey of the representations
of the low-dimensional compact Lie groups SU(2), SO(3), U(2), and O(3) in
their concrete manifestations, complete with the link to special functions such
as the spherical harmonics. A particularly neat source of reference is §6, in
which the theory of real and quaternionic representations is linked to complex
representation theory: The former are manifestations of the latter, augmented
by additional elements of structure. One may call these matters standard
techniques, but they are easily passed over, because so often the focus is on the
case of the algebraically closed ground field C, while the real case which is so
prevalent in the applications is either slurred over or treated ad hoc. Even
Bourbaki tucks a good portion of this material away in an appendix [6, LIE
IX. 103]. I do not know of a better place to send a student to read up on this
question than the source before us: It is direct, complete, and detailed, and
could easily be isolated as seminar material.

The chapter continues with the introduction of the character ring, complete
with its A-ring structure and the Adams operations. Compact abelian Lie
groups and their representations are next in line. Of course, they have to be
thoroughly understood because the whole of the fine structure of the represen-
tation theory of compact Lie groups is based on the representation of abelian
groups, as the reader will learn in the second half of the book. Weights are
introduced here. In the pursuit of associating with each of them an infinitesi-
mal weight, in passing, we learn that each representation of a compact Lie
group induces one of its Lie algebra. The Lie algebra aspect is expressly
de-emphasized in this book, but at any rate, from p. 23 on we know that the
assignment of the Lie algebra is functorial. The chapter concludes with the
structure and representation theory of sl(2, C). If anyone should ask what this
had to do with compact Lie groups, then he or she should just remember that
this algebra is the complexification of su(2) = so(3), whence the relevance of
this algebra for the complex representation theory of SU(2) and SO(3).
Moreover, the representation theory of sl(2) plays such a crucial role in
semisimple Lie algebras at large that readers will be grateful for having access
to this material within this book. Again the authors point out the classical
nature of the representation theory of the three-dimensional simple algebras
through its relation to special functions such as the Legendre polynomials.






