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The subject of the book is the study, in general, of linear partial differential
equations (the book does not deal with nonlinear problems, except some which
are used as tools, in particular in symplectic geometry, e.g., for the construction
of normal forms).

The first two volumes of the treatise mainly dealt with L. Schwartz’s
distribution theory, Fourier transformation, and differential operators with
constant coefficients or perturbations of these. The author himself describes
them as a—rather thorough and far-reaching—updating of his book of 1963.
Let us note, among the many new topics described in these books, the
Malgrange preparation theorem, the method of the stationary phase and
oscillatory integrals, and the definition of the wavefront set, which are im-
portant tools for the last two volumes.

The two last volumes are more specifically a treatise on microlocal analysis
and its applications. They arrive at a time when microlocal analysis, after
twenty years, can be considered as mature and has given many fruits, and yet
is still perfectly alive and promising.

It is hardly possible in a review that must remain of reasonable length to
give a complete description of the contents of these two volumes. Their
fourteen chapters occupy over 870 pages; each of these could well be a book by
itself and deserves a review in its own right. So I will just try to explain what
the book is about, and list the questions dealt with.

On R”, or in a set of local coordinates, a linear partial differential equation
can be written

d ) 0%u
Plx,—|u= a(x)7—==v,
) (v 35 )u= T alx)m
laj<m
where the a, are smooth functions, e.g., constants when P has constant
coefficients. Let us recall the effect on an exponential, with linear exponent

x-&
(2) P(x,%)e"'€= P(x,§)ex %

The importance of the Fourier transformation has been known for a long
time, particularly for equations with constant coefficients such as the linearized
heat equation; also the importance of some remarkable integral formulas
yielding solutions of (1). The point of the Fourier transformation is that it
diagonalizes differential operators with constant coefficients: if u is written as
a superposition of exponentials

(3) u=(27)" [ e ta(t) d
and P has constant coefficients, v = Pu, then 0(£¢) = P(§)u($).

For equations with constant coefficients one also gets integral solution
formulas of the convolution type

(4) u(x) = [ a(x = y)o(y) d,
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where in good cases the function a is explicitly known (e.g., for the Laplace or
wave or heat equation).

Of course, there are difficulties in the methods suggested above. For in-
stance, when solving (1) by Fourier transformation, the first obstacle is that
P(£)7'% is usually not integrable. Also, in many formulas such as (4) the
function a(x — y) is not locally integrable (e.g., for the wave equation in high
dimension). It is therefore necessary to modify the definition of the integral so
that it will include integrals such as (3) or (4) in less obvious cases. This is one
of the main purposes of distribution theory as initiated by J. Hadamard and
founded by L. Schwartz. Distribution theory is described in the first volume of
L. Hérmander’s treatise,

Starting from explicit formulas, perturbation methods, e.g., energy or poten-
tial inequalities, may often still give a good description of the solution of (1),
for equations which do not differ too much from equations with constant
coefficients (e.g., fortunately, many of the linear equations which are used in
physics). However a second difficulty in P.D.E. theory is that the methods
suggested above, which are adequate for equations with constant coefficients,
sometimes fail completely for other equations. In fact equations with genuinely
nonconstant coefficients can behave in a quite different manner. For instance
the H. Lewy equation

du du
E"'ZE—U onC X R

(~ tangential Cauchy-Riemann equation on the sphere of C?) does not have
local solutions if the right side v € C*® is not well chosen. This phenomenon
never happens for equations with constant coefficients.

Microlocal analysis, and the related use of symplectic geometry in P.D.E.
theory, has permitted great progress in the understanding of operators with
nonconstant coefficients. It is the description of this method and of its most
spectacular applications which is the object of Volumes III and IV. Here is a
naive description of what it is about.

The first observation, which leads to the construction of pseudodifferential
operators and of the wave-front set, is that although the Fourier transforma-
tion no longer diagonalizes differential operators with nonconstant coeffi-
cients, it still diagonalizes them approximately in a suitable sense. This can be
seen when one looks at the effect of a differential operator P = ¥ a ,(x)(3,/9x)*
on the singularity of a distribution, or on an asymptotic expansion of the form
(5) e®a ~ e Y a (x)tk (1o ).

k<kg

In fact
R

is a polynomial in ¢ (and the derivatives of ¢), whose coefficients are
differential operators. The leading term of P, is a scalar operator

(6) P, = t"op(de) + O(1™1),
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where o,(de) is by definition the symbol of P evaluated at the cotangent
vector dg. One has

(7) P(e"%a) = "%P,(a) = ei"”(t'”op + O(t'"‘l)) -a;

hence the effect of P on such an asymptotic expansion is approximately scalar,
governed by the leading term. For instance the action of P is invertible if the
leading term o,(do) is not zero. The inverse is then given by a formula which
belongs typically to pseudodifferential calculus. Let us further note that the
effect of P, on asymptotic expansions is described by local formulas: in fact P,
only depends on the Taylor expansion at the point do of the total symbol
p(x, &) = La,(x)(i£)* (and on the Taylor expansion of ¢). The same is true
for the inverse of P, when op(de) # 0: this is an asymptotic differential
operator of the form Lt~ ™~*Q,(x,d,/3x), where Q,is a differential operator
of order < k whose coefficients are polynomials of the Taylor coefficients of
the total symbol of P (and of ¢) at the point de.

The action of P on singularities of distributions can be localized in a similar
manner. For this purpose one defines the wave-front set: if f is a distribution,
one says that a covector (x,, §,) does not belong to the wave-front set of f (or
that f is smooth at (x,, £,)) if f can be represented near x, by a Fourier
integral

f=fei"’$a(£) d¢  (for x close to x,),

where a vanishes in some conical neighborhood of the half-line R £,. Thus
defined, the wave-front set does not depend on a choice of local coordinates. It
decreases if one applies a differential operator, or more generally a pseudodif-
ferential operator, so that again the effect of P on singularities, i.e. distribu-
tions mod those which are C* at (x,, £,) depends only on the restriction of
the total symbol of P in small conical neighborhoods of (x,, &;).

Microlocal analysis is an intelligent and organized exploitation of such
remarks. The first step is the construction of pseudodifferential operators.
These are operators of the form

® e du(x)= @n)" [ e Oa(x, uly) drd,

where (x — y, §) is the scalar product, and a (the total symbol) is a function
on R?" whose derivatives of high order decay suitably when ¢ - co. Differen-
tial operators correspond to the case where a(x, £) is a polynomial in £ The
next simplest case is the case where a has an asymptotic expansion (similar to
(5)) in homogeneous functions with respect to £.

(9) a(x’ g) =~ Z am—k(x9£)’ Wlth am—k(x, }\g) = }\m_kam—k(x’g)‘

In fact the class of functions (total symbols) a(x, £) for which the operator
a(x, D) defined as in (8) deserves the name “pseudodifferential operator” is
wide. It is important in limit cases to prove positivity or L? continuity results.
In limit cases it is sometimes technically more convenient to replace the
function a(x, ) in formula (8) by the more symmetric a((x + y)/2, §) (“Weyl
calculus”). The study of pseudodifferential operators, including the refined
study of positivity, is done in Chapter 18.






