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FUNCTIONAL ANALYSIS AND ADDITIVE ARITHMETIC 
FUNCTIONS 

P. D. T. A. ELLIOTT 

In memory of Professor M. Kac 

Geometry Prince has familiar, 
Twin; 
Upon looking out, 
Sees himself looking in. 

1. A function is arithmetic if it is defined on the positive integers. Those 
arithmetic functions which assume real values and satisfy f(ab)-f(a)+f(b) 
for mutually prime integers a, b are classically called additive. The following 
examples illustrate the interest of these functions, both for themselves and for 
their applications. 

An additive function is defined by its values on the prime powers. I shall 
denote a typical prime power by q, and the prime of which it is a power by q0. 
A well-known additive function is o)(n) which, with o)(q) = 1, counts the 
number of distinct prime divisors of n. Let vx(n\ . . .) denote the frequency 
amongst the positive integers not exceeding x of those for which property ... 
holds. Then as x -» oo 

vx(n; o)(n) - loglogx < z(loglogx)1/2) => -= f e~'2/2dt. 

More generally, for an additive function f(n) define 

A{x) =LfiûLL\ B{x) JZ\MÎ.U- L))1/2 > o. 
X 4 \ io! \X q \ loi] 

Then if | / (^) | < 1 for all 4 and B(x) is unbounded with x, the celebrated 
theorem of Erdös-Kac [18,19] asserts (essentially) that, as JC -» 00, 

vx(n; f(n)-A(x) < zB{x)) => -±= f e~^dt. 
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It is natural to ask for the weakest conditions on ƒ under which such a result 
can hold. 

The ideas applied by Erdös and Kac were realized in a wider conceptual 
setting by KubiHus [25], who generalized and elaborated their theorem. Unfor­
tunately the archetypal result to which their method aspires is that, as x -> oo, 

(1) vx(n;f(n)-a{x)<zp{x))-*F(z) 

for some a(x), /?(*) > 0 if and only if 

(2) P( £ Yq - a{x) < zfi(x)) =* F(z), 

where the independent random variables Y respectively assume the values 
f(q) with probability q~\l - q^l\ and 0 with probability 1 - q~\l - qöl)l 
and this result is false. Not only do the mechanics of the underlying sieve 
method fail (see, for example, Elliott [11, Chapter 3, pp. 145-146]), but such an 
'isomorphism' would force all the limiting distributions of the frequencies (1) 
to be infinitely divisible, and it is known that they are not. 

In the work of Erdös-Kac and Kubilius the philosophy is maintained by 
specializing a(x) and fl(x) to A(x) and B(x\ and requiring (although it is 
not formulated in this way) that, for each fixed y > 0, B(xy)/B(x) approach 
1 as x -> oo. One steps from (1) to (2) with the probabilistic device of 
truncation, and the 'isomorphism' indeed holds. The number-theoretic prob­
lem of deciding which frequencies (1) converge is reduced to a problem in the 
theory of probability proper, with a readily available solution. This result has 
been bought at a high price, however. The difficulties of handling an occa­
sional large value of \f(q)\ have been legislated away, and as a consequence 
many interesting distributions F(z), including all the stable laws beyond the 
normal law, cannot be considered. 

In fact a more exact 'isomorphism' between the behavior of the distributions 
in (1) and (2) can be obtained, but the random variables Y must be defined 
differently. If we restrict ourselves to the consideration of measurable func­
tions )8(x) which as x -> oo satisfy fi(x) -> oo and /$(xy)//}(x) -> 1 for each 
fixed y > 0, then 

(3) px(n; / ( n ) - a(x) < zp(x)) - F(z) 

for some a(x), if and only if 

(4) p(ZZq- ttl(x) < zp(x)\ =* F(z), 

where for some constant D the independent random variables Zq assume 
values f(q) — Dlogq with probability q~l(l - qöl\ and 0 with probability 
1 — q~l(l — qö1)- Moreover, ax(x) = a(x) - Dlogx. The deduction of (3) 
from (4) may be found in Levin and Timofeev [31] (see also ElHott [6]); that of 
(4) from (3) is in ElHott [8]. Here there is no restriction upon the additive 
function ƒ. The method of proof, quite different from that of Erdös-Kac and 
KubiHus, involves extensive appeal to Fourier analysis, in particular to the 
theory of Dirichlet series in the manner of Halâsz [20]. I do not pursue here the 
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question of whether the growth condition upon fi(x) is appropriate, noting 
only that, in general, necessary and sufficient conditions for the weak conver­
gence of the arithmetic frequencies (3) are still not known. Instead, I would 
like to draw attention to the term - D log q in the definition of the variable Zq. 
Where does this logarithm come from? 

In another direction let av a2 , . . . , be a sequence of positive rationals. Let 
Q* be the group of positive rationals with multiplication as group law, T its 
subgroup generated by the az, and G the quotient group Q*/T. A homomor-
phism of G into the additive reals may be viewed as an additive arithmetic 
function ƒ, extended to the rationals by f(r/s) = f(r) — f(s), which satisfies 
f{at) = 0 for all i. Conditions involving coprimality may be suppressed, so 
that, in the standard terminology, ƒ is completely additive. 

Considering additive functions to be characters on G, and allowing them (by 
abuse of meaning) to assume values in differing groups, one sees that the 
determination of G is equivalent to the characterization of various additive 
functions which vanish on the at. Moreover, this procedure may be given a 
quantitative aspect. Thus, in order that some integral power of the integer n be 
representable in the form a(l • • • ad

k
k with integers dp it is necessary and 

sufficient that every real completely additive ƒ with f{at) = 0, i = 1 , . . . , k, 
also satisfy f(n) = 0. An account of the appropriate mathematics, which 
generalizes and extends earlier results of Dress and Volkmann [3], Wolke [43], 
Meyer [32]—see also Ruzsa [35]—may be found in Elliott [13, Chapter 15]. In 
the present paper I shall confine myself to real or complex additive functions. 

As an example of this procedure we set an = (6« 4- 5)/(12« 4- 11), and 
employ the inequality 

(5) 

£ \\F{q)-M\ogq\2^ sup ± £ | /(6« + 5) - f(\2n + 11)|2 

(* ,6 ) - l 

with a constant c, and function M of x, which is contained in Theorem (10.1) 
of Elliott [13]. If now m is an integer which is not divisible by 2 or 3, then it 
has a representation 

M \ 12», + 11J 

with integers v and di9 each nt lying in the interval m < «, < (23m)c. For it 
follows from (5) that if f(6n + 5) - f(\2n + 11) = 0 for m < n < (23m)c, 
then in particular 

_ 6m + 5 / 6m + 5 \ 
MlogÏ2^TTr = Aï2^TTï) = 0' 

so that M = 0. In this case the infinite generators of G are provided by the 
images of the primes 2 and 3 under the canonical map Q* -» G. Another 
argument shows that G is finitely generated, so that it has its finite torsion 
group as a direct summand. 
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It is essential that in the inequality (5) no restriction should be placed upon 
ƒ beyond that it be additive; and it is clearly desirable to obtain for c a value 
which is as close to 1 as possible. The general direction in classical probabilistic 
number theory is to derive the value distribution of an additive function ƒ on 
the integers from its given distribution on the prime powers. Here, as in the 
step from (3) to (4), we are going in the opposite direction. We are concerned 
with a function whose values on a specific sequence of integers are known, and 
whose values on the prime powers we wish to determine. This is the passage, 
from Dirichlet series to Euler product, which is taken in the proof of the prime 
number theorem, save that we do not now have any regularity conditions 
satisfied by ƒ which would guarantee an analytic continuation of an ap­
propriate Dirichlet series. Once again a logarithm intervenes. 

In the present paper I do not consider in detail the probabilistic theory of 
numbers, nor the multiphcative representation of integers. An extensive account 
of the former can be found in my two-volume work [11], and of the latter in its 
companion volume [13]. Instead, I shall give a functional analytic overview, 
and indicate a source for the logarithms. This view enables a clearer presenta­
tion of many of the problems, and introduces a new precision into certain 
results. As an example, I prove that with an appropriately chosen function M 
of x, the inequality 

(6) £ i | / ( 4 ) - M l o g t f | 2 « m a x ± £ | f(n + 1) - ƒ(») |2 

certainly holds with any fixed c > 8. Moreover, by varying the spaces on 
which we view various operators, generalizations are suggested which would 
otherwise be less obvious. 

2. We begin with the Turân-Kubilius inequality 

(?) Ei/oo-^oof^xiK*)2 . 

With f(n) = co(«) and A(x), B(x) replaced by loglogx, this inequality was 
first established by Turân [39]. Note that for x > 2 

£ i = loglogx+0(l) . 

An important application which he had in view was the simpler proof of a 
result of Hardy and Ramanujan [21] that for each positive Ô most integers n 
have \u(n) — log log n\ < (loglog«)1/2+ô. Turân was well aware of the flexibil­
ity of his argument. As he himself wrote to me in 1976: ". . . from H. R.'s paper 
in 1917 seventeen years passed until 1934, without the sUghtest sign of realising 
that such general theorems exist at all." With hindsight we may see in (7) an 
analogue of Tchebyshev's inequality in the theory of probability, but Turân 
knew little of probability in 1934. Indeed, it was this very paper of Turân 
which promoted the interest of Kac in these matters, leading to the joint work 
with Erdös mentioned earlier. Lacking any other aesthetic, Turân [39] gener­
alized his inequality to cover the cases when f(p) is bounded and B(x) is 
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replaced by A(x). His argument was to expand the inner square, invert the 
order of summation, and show that in the resulting estimations the main terms 
cancel. 

Whilst Erdös employed the method of Turân in many special circumstances, 
Kubilius gave it the outcome (7). He followed the original argument of Turân, 
together with judicious applications of the Cauchy-Schwarz inequality, employ­
ing elementary results on the distribution of prime numbers. By this time the 
influence of probability was paramount, and in his monograph [26] of 1962 
Kubilius views the inequaltiy (7) as a species of the 'Law of Large Numbers.' 

In the form given above the Turân-Kubilius inequality has another ad­
vantage (see Elliott [5]): the quantities on both sides may be viewed as the 
squares of norms. Let C* be the complex space with one coordinate for each of 
the s prime powers q not exceeding x. Let C[x] be the complex space with one 
coordinate for each of the [x] positive integers n not exceeding x. If on the 
space Cs we employ the L2 norm 

IWI=(LW 2) 1 / 2 , 

and o n C w the corresponding norm 

IMhflkl2)172, 
then the Turân-Kubilius inequality asserts that the map A: Cs -* C[x] given by 

has norm bounded uniformly for all x > 2. Here q\\n denotes that q divides n 
but qq0 does not, and I have avoided discussion of the slightly differing 
formulations of the Turân-Kubilius inequality. 

In this form the Turân-Kubilius inequality represents something intrinsic 
about the positive integers. This may be illustrated in another way by consider­
ing the dual map A': (C1*1)' -> (C5)', which has the same norm as A. 
Otherwise expressed, this yields that the inequality 

w ,?/K) 
« s 0 (mod q) 

«^E 

(n s b (modq) denoting that q\\(n - b)) holds for all complex numbers an, 
for all x > 2. In some average sense, random sequences an are well distributed 
in residue classes to prime powers q all the way up to x. This inequality looks 
like others, that arose in the theory of the Large Sieve. I shall return to this 
topic again. 

Since || A|| is finite, how big is it? An elementary argument, as for example in 
Elliott [9], shows that, as x -> oo, y = limsup||A||2 satisfies y < 2, and the 
consideration of special cases shows that y > 1. The asymptotic value y has 
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only recently been obtained (Kubilius [28, 29]; Hildebrand [23]). I first 
consider the treatment in [28]. 

For convenience of exposition consider the ratio 
|2 

r = ( « 5 2 ) - 1 ! 
W = l 

with B2 = T,p<nf(p)2p~l, which is appropriate to a strongly-additive arith­
metic function, an additive function which also satisfies f(pk) = f(p) for all 
positive k. Following the argument of Turân we expand the square and invert 
the order of summation, to obtain for T the representation Q1 + Q2 - O, 
where 

p*l- UP 1X2P 

02= I E(«(j»)/^/-V» + « ( / ) / ^ - ^ ) V | 

-EE^O/^V/, 

with a(v) = u l — n l[n/v], 

Q- E E P - 1 / 2 / - 1 / 2 X nX i Kp*h 
p<n /<« 

and for each prime p (or /) xp = f(p)p~1/2B~1, so that 

E*2 = i-

A straightforward application of the Cauchy-Schwarz inequality gives Q2 <£ 
(log«)~1 /2 , and it is clear that the bound Qx < 1 is essentially best possible. 
The main interest lies in Q. 

The coefficient matrix G of Q is symmetric, and represents a self-adjoint 
operator on the L2 space C', where * denotes the number of primes p not 
exceeding n. We need an estimate for its smallest eigenvalue. In fact almost its 
whole spectrum can be obtained. We shall apply the notion that an approxi­
mate eigenvector gives rise to an approximate eigenvalue. 

LEMMA 1. Let The a self-adjoint operator on a complex Hubert space. For any 
vector x and complex number a, there is a X in the closure of the spectrum ofTso 
that 

\X - a\ | | ;C||<||7JC - ax\\. 

PROOF. This result is equivalent to the assertion that for a self-adjoint 
operator T the norm of the resolvent operator R(a; T) does not exceed the 
reciprocal of the distance of a from the spectrum of T. In his paper Kubilius 
makes the assertion of the lemma only for a symmetric matrix, giving no 
reference. For that case a simple proof may be given. 


