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BRAIDS, HYPERGEOMETRIC FUNCTIONS, AND LATTICES 

G. D. MOSTOW 

1. Braids. Let Ll9 L2 be two parallel lines in the plane y = 0 of (x, y, z) 
space, Lx at z = rx and L2 at z — r2. Let P/ = (/,0, rx), Ô,-= 0\0, r2), 

A braided n-path is a set of « paths ct(t) in R3 (i = 1 , . . . , n) satisfying 
(1) c,(0 = (*,(>), MO, 0> ' i < * < r2, c ^ ) = P„ C/(r2) e { & , . . ,Ô„}-
(2) The paths do not intersect. 

Two braided «-paths are regarded as equivalent if and only if it is possible to 
deform the one configuration into the other respecting conditions (1) and (2) 
throughout the deformation; note that one does permit rv r2 to vary so long as 
rx < r2 is respected. Thus (a) and (b) in Figure 1 represent the same braid. By 
definition, a braid is an equivalence class of braided «-paths. 
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FIGURE 1. 

Two braids A and B can be multiplied: B • A is the braid obtained by first 
braiding A then B, and adjusting the domain of the parameter t so that it 
changes without interruption, i.e., by bringing the end line of A and initial Une 
of B together and then erasing them. 
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(a) 

A — identity 

i + 1 

i + 1 

FIGURE 2 

Multiplication of braids is associative. The braid in which no paths inter­
twine (Figure 2(a)) is the identity braid. The inverse of a braid A with path cA 

is defined by its mirror image (Figure 2(b)), i.e., in the inverse of A, cf~(t) = 
cf(~~0> ~~ri < t ^ "~ri- Thus, under multiplication, the braids form a group. 
We denote by ot the braid which joins i to / + 1 (Figure 2(c)) by a path 
passing under the path joining i + 1 to i. Then {ax , . . . ,aw_1} generate the 
braid group on n-strings in R3; we denote this group Bn. It is referred to in the 
literature as the "algebraic braid group." 

Each braid b in Bn effects a permutation b of {1 , . . . , n }. The map IT: b -> b 
is a homomorphism of Bn onto 2W, the permutation group on n letters. Let 

Cn = KerTr. 
Cn is called the "colored braid group" or "pure braid group" The paths 
defining any braid b in Cn go from each point i on the initial Une Lx of fe to a 
point i in the end line L2 of b. The name of Cn comes from the idea of 
coloring each point Pv..., Pn a separate color and coloring the path going 
from Pt to Qt with the ith color (/ = ! , . . . , n). 
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°i°2<*i - *2*i°2 A girl's braid - (a2o{l)n. 

FIGURE 3 

The braid group !?„ was first defined by Emil Artin in Theorie der Tôpfe, 
Abhandlungen aus der Math. Seminar der Hamburg Universitàt 4 (1925). He 
proved there that Bn has the presentation 

Generators: al9 a2 , . . . , on_x. 
Relations: otOj = OjOt for \i - j \ > 1, 

°i°i+i°i = */+i<W+i (i - 1 , . . . , » - 2). 

Let a = a ^ • • • on_v We have 
ao1 = o1 • • • a,,.^! = a1a2a1a3a4 • • • aw_x = a^a^o^ • • • aw_x = a2 • a. 

Similarly aota~l = a/+1 (i = 1,2,. . . , n - 2). Thus {ax, a} generate 2?„. 


