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1. Introduction. We shall describe some general theorems about CR 
mappings between three-dimensional manifolds which, among other results, 
imply that any proper holomorphic mapping ƒ : D —» D' between pseudocon-
vex domains in C2 with real analytic boundaries extends to be holomorphic 
in a neighborhood of the closure of D (Theorem 8). In case the domain D 
is strictly pseudoconvex, this result follows from the classical Lewy-Pinëuk 
reflection principle [9, 11]. In case D' is strictly pseudoconvex, or in case D 
and D' are given by polynomial defining functions, ƒ extends by [2]. In case 
the proper mapping ƒ is biholomorphic, the extendability has been proved 
by Baouendi, Jacobowitz, and Treves [1]. The general case of a proper holo­
morphic mapping between weakly pseudoconvex domains which is not bi­
holomorphic is more complicated because branching might occur. We have 
developed a method in the spirit of [1] which allows us to prove extendability 
at boundary points even if branching occurs (Theorems 3 and 6). 

The mapping f(z,w) = (z2,w) which maps the domain E = {(2,w) € 
C2 : |2 |4 + | w | 2 < l } onto the unit ball in C2 has the property that it maps 
points of type four (in the sense of Kohn [8]) in the boundary of E to points of 
type two in the boundary of the ball. Furthermore, the local branching order 
of ƒ at these points is two. We prove that this phenomenon holds in general. 
If M and M' are abstract three-dimensional CR manifolds, and H:M —» M' 
a CR mapping, there is a notion of multiplicity of H at po € M, for which the 
type of po is equal to the multiplicity at po times the type of H(po). Theorems 
1 and 2 state these results more precisely. Theorems 5 and 7 give applications 
of these results and of the extendability result (Theorem 3) to CR and proper 
self-mappings. 
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2. Main results and applications. A real smooth manifold M is called 
a CR manifold if there is a subbundle V of CTM, the complexified tangent 
bundle of M, satisfying the conditions [V^V] C V, and V D V = (0); V is 
called the CR bundle of M. 

If M and M' are two CR manifolds with CR bundles V and V, a CR 
mapping from M into M' is a smooth mapping H:M —• M', such that at 
every p E M 

(1) #'(*) e ^ ( p ) , w e 1>p, 

where Vp is the fiber of V at p, V'H, v is the fiber of V at -fiT(p), and 
if7: CTM -+ CTM' is the differential map of H. 

From now on we restrict ourselves to the case: diniR, M = dimR M' = 
3, dime y = dime V' = 1. Let p0 G M, p(, = H(p0) € M', and let L,L' be 
two nonvanishing smooth sections of V and "V', defined near po a n d #(Po) 
respectively. It follows from (1) that there exists a smooth function A defined 
in a neighborhood of po in M such that, for all p € M near po> 

(2) H'(Lp) = X(p)L'H{p). 

DEFINITION. The CR mapping H:M —• M' is oî finite multiplicity at p0 

if there exists a differential operator of the form 

(3) S = Mi • • • My 

(called string of length j ) with Mp = L or L, such that 

(4) SA(po) ^ 0. 

The mapping is said to be of multiplicity k if the shortest string S for which 
(4) holds is of length k — 1. 

In particular H is of multiplicity 1 if À (po) i1 0, of multiplicity 2 if A(po) = 
0, and either LA(po) j=> 0 or LA(po) 7̂  0, etc. 

It is clear that for a CR mapping H to be of multiplicity k is independent 
of the choice of the vector fields L and V. 

Following Kohn [8], the CR manifold M is of finite type at po if and only if 
any smooth complex vector field defined near po is in the Lie algebra spanned 
by L and L. It is of type m at po (m > 2) if the shortest bracket of L's and L's 
not in the span of L and L at po, is of length m. (We have used the following 
convention: the length of [L, L] is 2, that of [L, [L, L]] is 3, etc.) 

We can now state our first result. 

THEOREM 1. Let H:M -+ M' be a CR mapping from M into M'. If 
H is of multiplicity k at po € M (1 < k < 00), and M' is of type m' at 
Po = if(po) (2 < m' < 00), then'. 

(i) M is of type m at po with m = km'. 
(ii) If S is a string of the form (3) with length < k — 1, and with at least 

one Mp = L, then SX(po) = 0; in particular Lk~1X(po) ^ 0. 
(ÜÏ) H>(CTP0M) £VH{po)®VH(po). 

Note that if Hpo:TPoM —> TH^^M' is the differential map at po, then (iii) 
implies that 

ffJoîMo}. 


