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For well over a hundred years, scattering theory has played a central role in
mathematical physics. From Rayleigh’s explanation of why the sky is blue, to
Rutherford’s discovery of the atomic nucleus, through the modern medical
applications of computerized tomography, scattering phenomena have at-
tracted, perplexed and challenged some of the outstanding scientists and
mathematicians of the twentieth century. Broadly speaking, scattering theory is
concerned with the effect an inhomogeneous medium has on an incident
particle or wave. In particular, if the total field is viewed as the sum of an
incident field u' and a scattered field u* then the direct scattering problem is
to determine u° from a knowledge of u’ and the differential equation govern-
ing the wave motion. Of equal (or even more) interest is the inverse scattering
problem of determining the nature of the inhomogeneity from a knowledge of
the asymptotic behavior of u’, i.e., to reconstruct the differential equation
and/or its domain of definition from the behavior of (many) of its solutions.
The above oversimplified description obviously covers a huge range of physical
concepts and mathematical ideas, and for a sample of the many different
approaches that have been taken in this area the reader can consult the
monographs of Bleistein [1], Colton and Kress [3], Jones [5], Lax and Phillips
[8], Newton [9], Reed and Simon [10], and Wilcox [12].

The simplest problems in scattering theory to treat mathematically are those
of time harmonic acoustic waves which are scattered by either a penetrable
inhomogeneous medium of compact support or by a bounded impenetrable
obstacle. In addition to their appearance in realistic physical situations (e.g.,
acoustic tomography and nondestructive testing) such problems also serve as
models for more complicated wave propagation problems involving electro-
magnetic waves, elastic waves, or particle scattering. To mathematically model
these two problems, assume the incident field is given by the time harmonic
plane wave

u'(x,t) = explikx - a — iwt]
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where k = w/c is the wave number, w the frequency, ¢ the speed of sound and
a the direction of propagation. Then the direct scattering problem for the case
of an inhomogeneous medium is to find the total field u = u’ + u° such that

(1a) Asu+ k*n(x)u=0 in R®

(1b) u(x) = exp[ikx - a] + u*(x)
. ' .\

(1¢) rlln;lo r( 5y~ iku ) =0

where n(x) is the (known) ratio of the square of the sound speeds in the
homogeneous and inhomogeneous medium and (1c) is the Sommerfeld radia-
tion condition which guarantees that the scattered wave is “outgoing”. On the
other hand, if it is assumed that the scattering is due to a given impenetrable
“sound-soft” obstacle D then the task is to find the total field u = u’ + u*
such that

(2a) Ayu+ k?>n=0 in R*\ D
(2b) u(x) = explikx - a] + u*(x)
(2¢) u=0 ondD

. o' .\
(24d) rlin; r(?r— — iku ) =0.

We note that boundary conditions other than (2c) are possible (and indeed
often more physically realistic) and in the following when we refer to problem
(2), we shall always include the possibility of boundary conditions different
from (2c). Although problems (1) and (2) are perhaps the simplest examples of
physically realistic problems in scattering theory, they still cannot be consid-
ered completely solved, particularly from a numerical point of view, and
remain the subject matter of much ongoing research.

The above two problems are both direct scattering problems. As already
mentioned, the inverse scattering problem is of at least equal interest and is
often far more challenging mathematically. In order to formulate the inverse
scattering problems associated with problems (1) and (2), note that if »* is the
scattered field then #° has the asymptotic behavior

3) w(x) = S B k,a) + 0(715)

where r = x|, & = x/|x| and F(%; k,a) is known as the far field pattern or
scattering amplitude. Then the inverse scattering problem is to determine either
n(x) or D from a knowledge of F(X; k,a) for X and « on some subset of the
unit sphere and (possibly) different values of k. The area of inverse scattering
theory is presently experiencing a rapid period of growth and, together with
the corresponding direct scattering problems, is the subject matter of the book
under review.

The mathematical methods used to investigate the direct and inverse scatter-
ing problems depend heavily on the frequency of the wave motion. In
particular, if the wavelength A = 2« /k is very small compared with the
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smallest distance which can be observed with the available apparatus, the
scattering obstacle produces a shadow with an apparently sharp edge. Closer
examination reveals that the edge of a shadow is not sharply defined but
breaks up into fringes. This phenomenon is known as diffraction. At the other
end of the scale, obstacles which are small compared with the wavelength
disrupt the incident wave without producing an identifiable shadow. Hence, we
can distinguish three different frequency regimes corresponding to the magni-
tude of ka where a is a typical dimension of the scattering object. More
specifically, the set of values of k such that ka < 1 is called the Rayleigh
region, k such that ka > 1 is called the high-frequency regime, and the set of
intermediate values of k is called the resonance region. As suggested by the
observed physical differences, the mathematical methods used to study scatter-
ing phenomena in the Rayleigh or resonance region differ sharply from those
used in the high-frequency regime.

The first question to ask about the direct scattering problem is that of
uniqueness. The basic tools used to establish uniqueness are Green’s formula
and the unique continuation property of solutions to elliptic equations. Since
equation (2a) has constant coefficients, the uniqueness question for problem
(2) is the easiest to handle and was first treated by Sommerfeld in 1912.
Subsequent generalizations were then given by Rellich, Vekua and Wilcox, all
under the assumption that Im k > 0. Analogous results for the case of problem
(1) came later when Miiller established the unique continuation property for
solutions to (la). When Imk < 0, there can exist values of k for which
uniqueness no longer holds. Such values of k are called resonance states and
have fascinated researchers in scattering theory for over a hundred years. In
particular, the resonance states are intimately involved with the asymptotic
behavior of the time dependent wave equation and in addition provide a
characteristic “signature” of the scattering object which could hopefully be
used to solve the inverse scattering problem. For excellent, but somewhat
dated, surveys of the role played by resonance states in scattering theory, the
reader is referred to Dolph [4] and Lax and Phillips [8]. Finally, we note that
special problems occur when D is unbounded or 1 — n(x) no longer has
compact support, and for a discussion of some aspects of this situation, we
refer the reader to Reed and Simon [10] and Chapter VII of the book under
review.

Having established uniqueness, the next question to turn to is existence and
the numerical approximation of the solution. The most popular approach to
existence has been through the method of integral equations. In particular, for
problem (1), it is easily verified that for all positive values of k, u is the unique
solution of the Fredholm integral equation

@) u(x) = explikx - o] = k* [[ ®(x,y)m(y)u(y) dy
B

where m(x) = 1 — n(x), B is the support of m(x) and ®(x,y) is the (normal-
ized) fundamental solution to the Helmholtz equation (2a) satisfying the
Sommerfeld radiation condition. However, the application of integral equation
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methods to problem (2) is more subtle. To see why this is so, suppose we look
for a solution of problem (2) in the form of a double-layer potential

() w@=[ VO5HEENd0);  xcR\D

where » is the unit outward normal to 0D and ¢ is a continuous density to be
determined. Then, letting x tend to 9D, it can be shown that  is a solution of
a Fredholm integral equation of the second kind. Unfortunately, this integral
equation is not uniquely solvable if k2 is a Neumann eigenvalue of the
Laplacian in D. This difficulty was first observed and resolved by Kupradze,
Vekua, Weyl and Miuller. A more direct approach to the problem was initiated
by Werner in 1962 who suggested modifying the kernel in the representation
(5) to include further source terms. This idea was further developed by Leis,
Panich, Brakhage and Werner, Ursell and Jones and at present there are a
variety of integral equation formulations of problem (2) that are uniquely
solvable for all (positive) values of the wave number. For a survey of these
methods, the reader is referred to the article of Kleinman and Roach [7], the
monograph of Colton and Kress [3] and the present book by Ramm.

The method of integral equations, as applied to problem (2), is particularly
attractive from a numerical point of view since it not only reduces the
dimensionality of the problem but also allows one to replace a problem over an
unbounded domain by one over a bounded domain. Having done this, it is
now possible to use a variety of numerical methods for solving Fredholm
integral equations of the second kind. However, if ka is too large, the
integrands become highly oscillatory and the method is not practical for
numerical computation. On the other hand, if ka is small, the integral equation
can be solved by iterative methods and this approach has been extensively
developed by Kleinman and his co-workers. Indeed, as first observed by
Rayleigh in 1897, for small values of ka a first approximation to the solution
can be obtained without solving any integral equation at all.

Another popular method for solving problem (2) is through the use of the
separation-of-variables solution to (2a), (2d) given by

©6) v, (x)=rP(kx)Y"(&); n=0,1,2,..., -n<m<n,

where 1) denotes a spherical Hankel function and Y™ a spherical harmonic.
Since the set {v,,,) is complete in L2(dD), a simple approach to constructing
an approximate solution to problem (2) is to use (6) to perform a least squares
fit to the boundary data of u* on 9D. A more sophisticated approach is the
null-field or T-matrix method proposed by Waterman in 1965. In this ap-
proach, one uses Green’s formula and the addition formula for Bessel func-
tions to arrive at a generalized moment problem for the determination of the
unknown function du*/dv. Having solved this problem for du°/d», an applica-
tion of Green’s formula then gives u°(x) for x € R*\ D. Note that the
problem of interior eigenvalues that appears in the method of integral equa-
tions is not a problem for methods based on the complete set (6). However,
from a numerical point of view, these methods are again restricted to values of
ka in the Rayleigh or resonance region.






