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I. Introduction. The notion of complexity, from both practical and theoreti-
cal standpoints, seems destined to be a major theme of research in both
computer science and mathematics. As digital computers evolve, we find
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ourselves revising and refining our ideas about what it means to solve a
problem and what problems can be effectively solved. One might expect the
seemingly endless increases in computational speed and memory size to
diminish the urgency of such computational matters, but the opposite seems to
be the case. Humankind, ever inquisitive and acquisitive, apparently reacts to
such technological breakthroughs by asking questions such as “What new
problems do we need to solve?”, “Can we solve even larger instances of the
problem?”, and “Can we improve the accuracy of computed solutions?”

As a consequence, mathematics (and theoretical computer science) has been
enriched by an important, vigorous, and relatively new subject area, that of
computational complexity. Instead of viewing a problem in terms of finding
and analyzing a particular algorithm to solve it, computational complexity
addresses the inherent computational characteristics of the general problem (as
a function of its “size” or the “error” of computed solutions). One seeks upper
bounds (which emerge from looking at specific algorithms) and the often more
important and difficult lower bounds on the complexity of problems.

While the early emphasis in computational complexity is commonly associ-
ated with discrete problems (for example, traveling salesperson, bin packing,
and primality testing), there is also substantial literature starting with the work
of Sard [1949], Nikolskij [1950], and Kiefer [1953] on the complexity of
continuous problems (see Traub and Wozniakowski [1980, pp. 278-280] for a
brief history). More recently there has been considerable interest among
mathematicians in the complexity of continuous problems, sparked by the
work of Shub and Smale [1985, 1986a] and especially Smale [1985], which
contains extensive references to other such work.

Many problems arising in the mathematical sciences have the characteristic
that information relevant to their solution is either partial or contaminated.
For example, since a digital computer can only manipulate a finite set of
numbers, any problem whose domain of possible problem elements is infinite-
dimensional will of necessity have only partial information. For most problems
with partial or contaminated information only approximate solutions are
possible. Given the ubiquity of problems for which information is either not
fully available, imprecise due to computational limitations, or purposely dis-
carded to expedite a simplified solution, a general approach to treating
approximate solution of such problems is clearly desirable.

The issues raised in the preceding paragraphs provide motivation for infor-
mation-based complexity, an expanding research area concerned with the intrin-
sic difficulty of approximately solving problems based upon information that
is partial, contaminated, and priced. In this article we present a mathematically
oriented introduction to information-based complexity and a review of some of
its current research results and directions. Our selection of topics will not be
fully representative, relegating many important applications and technical
details to bibliographic references. Instead we stress aspects of the theory that
will highlight its elegance and its unifying connections with modern analysis.
To drop a few names, we shall encounter problems and techniques from
functional analysis, numerical analysis, approximation theory, measure theory,
probability theory, statistics, and partial differential equations.
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Our primarily theoretical approach will first discuss the worst case setting.
This will be followed by a more elaborate treatment of average case complex-
ity, an increasingly important focus of recent work on problems with either
partial or complete information. The presentation has been organized to
highlight what we regard as the major theorems of the subject. Interspersed
throughout the paper and in the concluding section we also list ten open
problems from information-based complexity that we think will be of interest
to mathematicians.

For more details and references relating to work in information-based
complexity up to 1980, see Traub and Wozniakowski [1980], and also Micchelli
and Rivlin [1977], where a similar point of view is presented. A framework
more general than the one we develop here can be found in Traub, Wasilkow-
ski, and Wozniakowski [1983]. A recent survey of the field with somewhat less
emphasis on mathematical abstraction and more on applications and examples
is offered in Wozniakowski [1986a].

I1. Worst case setting. Three concepts provide the foundation for developing
and applying techniques of information-based complexity: a problem formu-
lation, specification of the information, and a model of computation. Each
concept has several options or variations, leading to a variety of settings in
which problems can be modeled and results developed. We direct our efforts in
this part to the traditional worst case setting.

A. Problem formulation, information, and model of computation. The problem
formulation states what we want to approximate, for which problem elements
we seek this approximation, and what error criterion we plan to use. Formaliz-
ing these ideas, let F be a set and let G be a normed linear space over the
scalar field K, where K = R or K = C. The problem we would ideally like to
solve is given by a mapping S:F — G, which we call the solution operator.
Given ¢ > 0, we wish to compute for each f € F an e-approximation x(f) in G
for S(f). In the worst case setting we simply require that x(f) satisfy
IS(f) = x(f)|l < & for each problem element f.

In order to approximate S(f) we need to know something about f. A basic
assumption of information-based complexity is that we do not have full
knowledge of a given problem element f. Formally, knowledge about f is
obtained by computations of the form L(f), where L: F — H for some set H.
The allowable information for a problem is given by specifying a collection A
from which information operations L may be chosen. Generally, for each
problem element f, only a finite number of operations L from A may be used
to supply information L(f) on f. The number of such operations is, of course,
crucial to complexity considerations.

If, for each f in F, we use the same n operations from A, the resulting
information operator N = [L,,...,L,] is called nonadaptive information of
cardinality n. Along with its obvious simplicity, such information would be
natural and efficient for use in parallel processing. The more general class of
adaptive information allows the specific choice of operations from A and the
number n( f) of such operations to vary with f. This means that the choice of
L, may adaptively depend on the previously computed values L,(f),
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L,(f),..., L;_i(f). In this case the information operator is defined for each f
in F by

N(f)= [Ll(f)?L2(f; J’1)»---’Ln(f)(f; }’1’~-’)’n(f)—1)],

where y, = Li(f), yi=L(f; y1,.-->¥;—1) for i=2,3,...,n(f)—1, and
L.(m; y,...,y,_1) € A for every i. The number n(f) of evaluations is de-
termined by y,, y,,.... For a precise definition of n(f) see Wasilkowski
[1986].

Any analysis of complexity requires a model of computation which specifies
what operations are permitted and how much each operation “costs.” We use
what is referred to as the real number model of computation. Thus we assume
that

M Infinite-precision real numbers are used.

®m Each information operation costs ¢ units.

B Arithmetic operations (such as addition and scalar multiplication in G),
comparisons, and evaluation of elementary functions are performed exactly
and cost one unit each.

While this model is clearly oversimplified, we use it here to avoid being
sidetracked by such admittedly important issues as round-off, machine
specificity, and numerical stability. More general and realistic models of
computation are certainly desirable for future work in information-based
complexity, but we say no more about these here.

B. An integration example. To illustrate some of the above ideas we consider
the problem of approximating the integral [’ f(¢) dt, where f is chosen from a
suitably defined class F of smooth functions. Assuming the existence of a
subroutine that computes f(¢) for any ¢ € [a, b], we want to approximate the
above integral with minimal cost. Formally we have:

PROBLEM FORMULATION. The solution operator S: F — R is defined by

(= [ 1@y a

For each f € F we wish to compute an g-approximation. In this case we seek a
real number x( f) such that

.Lbf(t)dt—x(f)'< e

INFORMATION. Information operations are taken from the class A of func-
tion evaluations. Thus for any f € F and any ¢ € [a, b] we can compute f(z).

MODEL OF COMPUTATION. Each function evaluation costs ¢, ¢ > 0. Arith-
metic operations, comparisons, and elementary function evaluations can be
performed at a cost of one unit each and with infinite precision (real number
model of computation).

Anticipating a forthcoming general definition, we let comp(e) denote the
minimal cost of computing e-approximations x( f) for the “worst” f € F. In
addition to obtaining a value for comp(e), we would naturally like to know at
what points f should be evaluated and how these values should be combined
to compute an g-approximation x(f). In other words (and again anticipating






