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I. Introduction. The notion of complexity, from both practical and theoreti­
cal standpoints, seems destined to be a major theme of research in both 
computer science and mathematics. As digital computers evolve, we find 
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ourselves revising and refining our ideas about what it means to solve a 
problem and what problems can be effectively solved. One might expect the 
seemingly endless increases in computational speed and memory size to 
diminish the urgency of such computational matters, but the opposite seems to 
be the case. Humankind, ever inquisitive and acquisitive, apparently reacts to 
such technological breakthroughs by asking questions such as "What new 
problems do we need to solve?", "Can we solve even larger instances of the 
problem?", and "Can we improve the accuracy of computed solutions?" 

As a consequence, mathematics (and theoretical computer science) has been 
enriched by an important, vigorous, and relatively new subject area, that of 
computational complexity. Instead of viewing a problem in terms of finding 
and analyzing a particular algorithm to solve it, computational complexity 
addresses the inherent computational characteristics of the general problem (as 
a function of its "size" or the "error" of computed solutions). One seeks upper 
bounds (which emerge from looking at specific algorithms) and the often more 
important and difficult lower bounds on the complexity of problems. 

While the early emphasis in computational complexity is commonly associ­
ated with discrete problems (for example, traveling salesperson, bin packing, 
and primality testing), there is also substantial literature starting with the work 
of Sard [1949], Nikolskij [1950], and Kiefer [1953] on the complexity of 
continuous problems (see Traub and Wozniakowski [1980, pp. 278-280] for a 
brief history). More recently there has been considerable interest among 
mathematicians in the complexity of continuous problems, sparked by the 
work of Shub and Smale [1985, 1986a] and especially Smale [1985], which 
contains extensive references to other such work. 

Many problems arising in the mathematical sciences have the characteristic 
that information relevant to their solution is either partial or contaminated. 
For example, since a digital computer can only manipulate a finite set of 
numbers, any problem whose domain of possible problem elements is infinite-
dimensional will of necessity have only partial information. For most problems 
with partial or contaminated information only approximate solutions are 
possible. Given the ubiquity of problems for which information is either not 
fully available, imprecise due to computational limitations, or purposely dis­
carded to expedite a simplified solution, a general approach to treating 
approximate solution of such problems is clearly desirable. 

The issues raised in the preceding paragraphs provide motivation for infor­
mation-based complexity, an expanding research area concerned with the intrin­
sic difficulty of approximately solving problems based upon information that 
is partial, contaminated, and priced. In this article we present a mathematically 
oriented introduction to information-based complexity and a review of some of 
its current research results and directions. Our selection of topics will not be 
fully representative, relegating many important applications and technical 
details to bibliographic references. Instead we stress aspects of the theory that 
will highlight its elegance and its unifying connections with modern analysis. 
To drop a few names, we shall encounter problems and techniques from 
functional analysis, numerical analysis, approximation theory, measure theory, 
probability theory, statistics, and partial differential equations. 


