
RESEARCH ANNOUNCEMENTS 

BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 17, Number 1, July 1987 

AMALGAMATIONS AND THE KERVAIRE PROBLEM 

S. M. GERSTEN 

ABSTRACT. Following S. Brick, a 2-complex X is called "Kervaire" if 
all systems of equations, with coefficients in arbitrary groups G and the 
attaching maps of X as the words in the variable letters, are solvable 
in an over group of G. An obstruction theory is developed for solv­
ing equations modeled on Z = Xp Y, where X and Y are Kervaire 
2-complexes and T is a subgraph of Z^x\ each connected component 
of which injects at the 7Ti-level into iri(Z). A 2-complex of the form 
K(x, y\ w(x) = w'(y)) is Kervaire, where w{x) and w'{y) are (not nec­
essarily reduced) words which do not freely reduce to 1. 

The Kervaire problem [7, p. 403] originally asked whether a nontrivial 
group can be killed by adjoining a single free generator and a single relator. 
This problem has been vastly generalized by Howie [5], who asked whether a 
system of equations over an arbitrary coefficient group G, whose words in the 
variable letters are the attaching maps of a 2-complex X with H2{X) — 0, is 
solvable in an overgroup of G. It is convenient to introduce a terminology due 
to S. Brick [1] who calls a 2-complex X Kervaire iff all systems of equations 
over all coefficient groups G modeled on the attaching maps of X are solvable 
in an overgroup of G. Thus, e.g., the dunce hat K(x\xxx) is Kervaire because 
Howie has shown that the equation axbxcx = 1, with a, 6, c G G, can always 
be solved in an overgroup of G [6]. 

In this terminology, a nontrivial group can never be killed by adjoining 
a single free generator and a single relator iff the 2-complex K(x\w(x)) is 
Kervaire, where w(x) is a word in x and x~l whose exponent sum in x is dbl. 

For a 2-complex with one 2-cell X = K(x\, £2, • • •, xn\w(x)) Howie's prob­
lem can be shown (nontrivially) to imply that X is Kervaire iff w(x) does 
not freely reduce to 1 (the "if" assertion is the nontrivial one here). Since 
X = K(x\w(x)) can be easily shown to be Cockcroft iff w(x) does not freely 
reduce to 1, Howie's problem for 2-complexes X with one 2-cell amounts to 

Received by the editors September 27, 1986. 
1980 Mathematics Subject Classification (1985 Revision). Primary 20F05, 57M20. 
Key words and phrases. Free group, Cockcroft 2-complex, amalgamation. 
Partially supported by NSF Grant DMS 860-1376. 

©1987 American Mathematical Society 
0273-0979/87 $1.00 + $.25 per page 

105 



106 S. M. GERSTEN 

the assertion that X is Kervaire iff X is Cockcroft (recall a 2-complex X is 
Cockcroft iff the Hurewicz homomorphism ^{X) —» H2(X) is zero). 

We can prove 

THEOREM 1. Let xf,xf,...,x^ and y f , . . . , y£ be disjoint alphabets and 
let w(x) and w'(y) be words in these alphabets respectively which do not freely 
reduce to 1. Then K{x\,..., xn , 2/1,. . . , ym\w(x) = w'(y)) is Kervaire. 

This result can be stated in the equivalent form below, more appealing to 
topologists, by recalling the connected sum X # F of two 2-complexes [8]. 
One chooses imbeddings of the disc D2 in X and Y respectively, each with 
one point contact with X^ and Y^\ one bores out the interiors of the discs, 
and one identifies their boundaries to get X#Y. The construction depends 
sensitively on the choice of imbeddings of discs. 

THEOREM 2. Let X and Y be Cockcroft 2-complexes each possessing only 
one 2-cell. Then X#Y is Kervaire {for all choices of imbedded discs in X 
and Y as above). 

The main technical innovation is an obstruction theory for deciding when 
Z = X\ p X2 is Kervaire provided T is a subgraph of Z^ such that 7Ti 
of each connected component of T injects into TÏ\ (Z) (S. Brick calls such an 
inclusion T —• Z TT\-injective [1]). Let ƒ: (D2, S1) —• (X, T) be a combinatorial 
map (for some cell structure on D2). We define the obstruction element 
A(ƒ) G G / * (E(T)) to be the product in order of corner labels and edge labels 
in one full circuit around dD2 ; here G/ is the factor group of the corner group 
[4] of X modulo interior vertex labels of ƒ and (E(r)) denotes a free group 
freely generated by an oriented set of edges of T. The technical result is the 
following 

THEOREM 3. Let Z = Xi^X2, where the inclusion T —> Z is TTI-
injective. Assume that Xi and X2 are Kervaire and that all obstruction 

elements A(/) = 1 for all maps (D2,Sl) •£ (X;,T), i = 1,2. Then Z is 
Kervaire. 

An example where all obstructions A( ƒ) vanish is where T is 2-sided in Z.* 
In this case Theorem 3 implies as a corollary a result of Brick's thesis [1]: if 
r is a subgraph of Z^ such that the inclusion T —• Z is 7Ti-injective and T 
is 2-sided in Z and if in addition the result of cutting Z along T is Kervaire, 
then Z is Kervaire. 

To apply Theorem 3 we need to calculate obstructions. Let X = K{xi,..., 
xn , t\t = w(x)) and let T = K(t\ ), a subgraph of X^. The inclusion T —• X 
is 7Ti-injective iff the word w(x) G F(x) does not freely reduce to 1. We prove 

THEOREM 4. For any combinatorial map f: (D2^1) —> {X,T), where X 
and T are as defined immediately above and where w(x) does not freely reduce 
to 1, one has A(f) = 1. 

*T is called "2-sided" in Z if it is bicollared: so T is identified with T x {1/2} where 
T x [0,1] is a product neighborhood of T in Z. 


