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chapters of the book carry us through that time at Cornell. We hear of his
colleagues, of travels, and adventures, and achievements, of his work with the
Radiation Laboratory at MIT, and through all of this of his never-ending
struggle with mathematics. His publications, only modestly referred to, went
on clarifying fundamental concepts of probability theory, extending them to
number theory, opening new approaches in theoretical physics.

This is not a book on mathematics, but a life story of a mathematician.
There are few places devoted entirely to mathematics, or where even some
formulas are displayed. One is in Chapter 3, “The Search for the Meaning of
Independence,” that in a near-popular manner discusses some work initiated
jointly with Steinhaus and then continues to show how justified Henri Poincaré
was in saying that the normal probability law is considered “by mathematicians
to be a fact of observations and by observers a theorem of mathematics.” There is
just one formula displayed in an amusing discussion of Ehrenfest’s “dog-flea”
model, and there are some isolated graphs and formulas scattered elsewhere.

After Cornell came a first exhilarating and later on disappointing affiliation
with Rockefeller University (1961-1981). The last five years of his life Kac
spent at the University of Southern California.

The charm of Enigmas of chance cannot be even hinted at by surveying its
contents. There is in it the spirit of a warm human being possessed by driving
curiosity, by an urge to understand and clarify. There is an account of going
through a stormy period in history, with personal tragedies and times of
happiness. And there is the picture of a mathematician who, instead of clinging
to mathematics as an abstract game, treated it as a bridge to reality; a
mathematician who, as quoted by Gian-Carlo Rota, warned that “axioms will
change with the whims of time, but an application is forever.” To Kac the
problem often was the reason for the theory; he admitted that “almost
everything new in mathematics I learned after getting my doctoral degree has been
by being forced to learn it in trying to solve a problem.”

In the Introduction to his book, Kac expressed the hope to be able to impart
to the reader some feeling for the thrill that comes with getting a new idea, as
well as for the frustrations and disappointments in the life of a scientist. He
did it with charm and grace. He also succeeded in carrying out his other wish:
the book gives a moving account of a rich life, and the way it was shaped by
family, teachers, collaborators, history, and last but not least, by “that powerful
but capricious lady Chance.”
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The study of derivations is one of the early disciplines in operator algebra
theory with roots back in the beginnings of the subject (see, e.g., [13]).
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Let A be a C*-algebra. Then a derivation § is defined to be a linear
endomorphism of U satisfying the familiar Leibniz rule

(1) 8(ab) = 8(a)b + ad(b), a,be.

A milestone in the study of such maps is the Derivation Theorem (1966) which
states that every derivation in a von Neumann algebra U is inner. (We refer
the reader to [7, pp. 310-312] for details and for references to the original
papers.) We say that a derivation is inner if it is implemented by some element
h € U, that is,

(2) 8(a) =[h,a] = ha — ah, ac 9.

It is known [19a] that if a derivation & is defined everywhere on a C *-alge-
bra 9, then 8 is automatically bounded, i.e., the supremum

() sup{[|8(a)|: a € A, ||al|= 1}

is finite. The number in (3) is called the norm of 8. During the seventies, the
subject continued with the study of bounded derivations in C*-algebras, and
culminated in 1978 with contributions by Elliott [8] and Akemann-Pedersen
[1], and, at the same time (in the early to mid-seventies), the study of
unbounded derivations was starting.

An unbounded derivation is defined only on a subalgebra (the domain of §),
D(8) c U, and it maps into A. We shall assume that D(8) is dense in U, and
that (1) holds for a, b € D(8). (The case when D(48) is not assumed dense is
interesting and important but not treated in the book.) In view of applications,
we shall assume in addition that D(8) is a *-subalgebra of the C*-algebra I,
and that

(4) 8(a*) = 8(a)*, a< D(8).

We will restrict attention to this case and refer to § as an unbounded derivation.
(A few of the results described below will hold also for derivations which are
not *-derivations, i.e., which do not verify condition (4), but we shall skip this
technical point.)

The interest in unbounded derivations originated in different parts of the
world but roughly at the same time. The early contributions were motivated
however by distinct considerations and applications. Sinai [21] in the U.S.S.R.
was motivated by applications to ergodic theory, while Bratteli and Robinson
[Sa,b] in Marseille were motivated by a broader class of problems in mathe-
matical physics, most notably in statistical mechanics. Powers and Sakai in
Philadelphia were motivated by similar considerations, originating in work by
Hugenholtz et al. [9] and Segal [20], among others. Bratteli begins his present
book with a list of names of the researchers who were influenced by these early
developments and who subsequently took up the study. (The reviewer is one of
them, and he worked in Philadelphia at the time!)

On the mathematical side, the list of sources of problems includes cohomol-
ogy [12a], differentiable structures [15], and Hilbert’s fifth problem [23]. From
the point of view of cohomology, the Derivation Theorem amounts precisely to
the statement H'(%)= 0 when U is a von Neumann algebra. During the
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eighties, Connes developed cyclic cohomology [6b] and noncommutative dif-
ferential geometry [6a], and the derivations with dense domain continue to play
a prominent role.

As it turned out, the important algebra is not the initial C *-algebra % itself,
but rather a preordained dense *-subalgebra 9, of smooth elements in %, and
the derivations are defined only on %, and not on . Consider a Lie group G
which acts continuously on U as a group of automorphisms

(5) 71 G — Aut(%).

If the action is given in terms of 9 in a “natural” way, then we may take for
the subalgebra A, the algebra of C*-elements (or smooth elements) for the
action, i.e., the elements a in U such that the orbit function, g = 7,(a), is C*
from G to U. If g denotes the Lie algebra of G, then the infinitesimal form of
(5) is a Lie algebra of derivations. For X € g the derivation d7(X) is defined
by

(6) ar(X)@) = G| rewi(a),  aeu,

and
dr([ X, X;])(a) = [dr(X,),dr(X;)]a

holds.

Bratteli’s book begins with a discussion of bounded derivations, and turns
quickly to the active and rich field of unbounded derivations. There are two
parts in the book: general theory, and noncommutative vector fields. Part 1 is
structured as follows.

1. Analytic properties

1.1. Closability
1.2. Generators
2. Classification
2.1. Nonabelian C *-algebras with special emphasis on
the simple ones
2.2. Abelian C *-algebras (i.e., differentiable structures)

The organization of Part 2 is modelled on that of Part 1 but the specific
results are much more detailed in the more specialized case of a noncommuta-
tive vector field, by which is meant a derivation mapping one class of smooth
elements to another.

A derivation § is said to be closed if the graph G(8) is closed in 9% X A, and
8 is said to be closable if the closure of G(8) is the graph of some linear
operator, or equivalently if G(8) is contained in the graph of some closed
derivation 8, say. We then say that §, is an extension of 8.

A derivation § is said to be a generator if there is a strongly continuous
one-parameter group of *-automorphisms, {a,:¢ € R} C Aut(), such that

™ 3a)= 4| ala).  aeD),
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i.e., the elements a in D(8) are precisely those for which the limit
lim,_, ot (a,(a) — a) exists. Generators are closed, and we want to study
closed derivations to be able to isolate differentiable structures. An important
problem for infinite dynamical systems is to decide when a given derivation &
is a generator, or when it has an extension which is a generator. We refer to
[Sb, vol. II] for some of the models from physics.

Let K be a totally disconnected compact space, and let C(K') be the abelian
C *-algebra of all continuous functions on K. Then Sakai [19b] observed that
C(K) does not have any nonzero closed derivations with dense domain. We
therefore note that K does not carry any differentiable structure. (It is known
that C(K) has derivations which are not closed.)

In Part 1 of the book, differentiable structures are studied in terms of closed
derivations. The existence of functional calculi (i.e., various forms of a gener-
alized chain rule) for closed derivations plays a central role in results from the
general theory. This functional calculus is developed efficiently in Part 1 for
various algebras of regular functions. The treatment is especially useful since
the research papers in this area are scattered over many journals, and some of
the details are somewhat technical (with some surprises), although the general
ideas are clear. The functional calculus is used in, e.g., K-theory [2], and often
without explicit references to research papers on the subject.

The one-parameter groups, a: R — Aut(¥), are applied to the study of
dynamical systems in quantum mechanics, both in quantum field theory [20],
and in statistical mechanics [5b, vol. II]. We also refer to [10b] and [11b] for
additional details and references.

Physicists wish to construct a self-adjoint (generally unbounded) Hamilto-
nian operator H in some Hilbert space 5, and consider the unitary group
{e/M},cgon S in order to solve the corresponding Schrodinger equation.
Let A be a C*-algebra of operators on 5 satisfying

(8) eHYe-"H =91, teR.
Then there is a one-parameter group { a,} C Aut(2), given by
9) a,(a) =e'fge-"H, g€ U, t€R,

and describing the familiar correspondence between the Schrodinger picture
and the Heisenberg picture of dynamics. An important and basic problem is to
determine the automorphism group

(10) a: R - Aut(%).

This is nontrivial because H generally does not exist as an operator, but only
as a formal expression. From the outset, it is not clear even what Hilbert space
to choose. The symbol H = H, + V in quantum field theory is, a priori, only
a formal expression, as is the infinite sum

(11) H=Y J, o0

199
(summation over a given graph G in L X L for some configuration or spin
lattice L) in quantum lattice models. (We refer to [Sb] and [16] for details.) The
mathematical difficulty, which can be overcome by introducing a suitable
derivation &, is that H is not given, or defined, as an operator, let alone a
self-adjoint one. But it is possible in important examples from physics to






