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Introduction. This article intends to present an elementary introduction to 
the emerging structure theory of higher-dimensional algebraic varieties. Intro­
duction is probably not the right word; it is rather like a travel brochure 
describing the beauties of a long cruise, but neglecting to mention that the first 
half of the trip must be spent toiling in the stokehold. Perusal of brochures 
might give some compensation for lack of royal roads. 

Having this limited aim in mind, the prerequisities were kept very low. As a 
general rule, geometry is emphasized over algebra. Thus, for instance, nothing 
is used from abstract algebra. This had to be compensated by using more 
results from topology and complex variables than is customary in introductory 
algebraic geometry texts. Still, aside from some harder results used in occa­
sional examples, only basic notions and theorems are required. 

Throughout the history of algebraic geometry the emphasis constantly 
shifted between the algebraic and the geometric sides. The first major step was 
a detailed study of algebraic curves by Riemann. He approached the subject 
from geometry and analysis, and gave a quite satisfactory structure theory. 
Subsequently the German school, headed by Max Noether, introduced algebra 
to the subject and problems arising from algebraic geometry substantially 
influenced the development of commutative algebra, especially the works of 
Emmy Noether and Krull. 

During the same period the Italian school of Castelnuovo, Enriques, and 
Severi investigated the geometry of algebraic surfaces and achieved a satisfac­
tory structure theory. Their work, however, lacked the Hilbertian rigor, and 
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therefore started to fall into disrepute. When the students tried their hands at 
studying algebraic threefolds, their conclusions were frequently false and none 
of the proofs of the deep results stood up to even their own standards. 

Several attempts were made to place algebraic geometry on solid founda­
tions. After substantial achievements of van der Waerden, this was accom­
plished by Weil and Zariski through a systematic use of commutative algebra. 
A good indication of this style is the two-volume treatise, Commutative algebra, 
by Zariski and Samuel, which grew out of an attempt to write an introductory 
chapter to a planned algebraic geometry book. 

The approach via commutative algebra was further developed by Nagata, 
and it culminated in the unfinished magnum opus, Eléments de géométrie 
algébrique by Grothendieck. In his treatment, commutative algebra and alge­
braic number theory became special cases of algebraic geometry. A spectacular 
success of this point of view is Faltings' proof of the Mordell conjecture. 

By the end of the sixties, the foundational work was mostly done and 
attention turned toward more classical problems. First the theory of curves and 
surfaces was redone and completed. A structure theory of threefolds seemed, 
however, intractable. 

In 1972 Iitaka proposed some bold and interesting conjectures concerning 
higher-dimensional varieties. Along that path Ueno produced in 1977 the first 
structure theorem about threefolds. It was clear, however, that the scope of 
their approach was limited. One major stumbling block was the lack of a good 
analog of the so-called minimal models of surfaces. 

The major breakthrough came in 1980. Mori introduced several new ideas 
and accomplished the first major step toward proving the existence of minimal 
models. At the same time Reid defined and investigated minimal models 
(assuming their existence) and pointed out various ways of using them. Since 
then algebraic threefolds have been investigated intensively and recently these 
efforts resulted in the proof of several deep structure theorems. 

The aim of this article is to give an accessible outline of these results. 
Chapters 2-5 provide a short introduction to algebraic geometry. Chapter 6 

discusses the topology of algebraic varieties from the point of view of Mori's 
theory. Classically, one attempted to study a variety by studying its codi-
mension-one subvarieties. A fundamental observation of Mori's theory is that 
one should investigate the one-dimensional subvarieties as well. This turns out 
to be related to some simple topological properties of algebraic varieties. After 
some further introductory material, Chapter 8 gives a general discussion of the 
basic strategy and aim of the structure theory. Chapter 9 outHnes how most of 
this program can be accomplished for surfaces. Chapter 10 is devoted to Mori's 
seminal paper. These results are sufficient to complete the structure theory of 
surfaces, but they provide only the first step in general. In dimension three, 
Mori's program leads to the study of certain singular varieties. His results are 
reworked in this more general context in Chapter 11. The last remaining step, 
the Flip Theorem, is discussed in Chapter 12, and the last chapter is devoted to 
further results. 

Since this article is aimed at a general readership, I saw no point in giving 
references to technical research papers. Instead I provide a short annotated 
bibliography at the end which should satisfy the needs of most readers. 


