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PROPERTIES OF PROPERLY EMBEDDED MINIMAL
SURFACES OF FINITE TOPOLOGY

DAVID HOFFMAN AND WILLIAM H. MEEKS III

Until the recent discovery of a sequence of properly embedded minimal
surfaces with finite topology (Hoffman [4, 5]; Hoffman and Meeks [6, 7)),
the only known examples were the plane, the catenoid and the helicoid. The
existence of these new examples, which we will call Mg, k£ > 1, and others
we have found (Callahan, Hoffman and Meeks [1]) makes it natural to ask
qualitative questions about their behavior.

It is a fundamental fact, due to Osserman [12], that if a complete mini-
mal surface has finite total curvature, then it is, conformally, a closed Rie-
mann surface punctured in a finite number of points; finite total curvature
implies finite topology. The minimal surface My has total curvature equal to
—4m(k + 2). It is conformally a closed surface of genus k punctured in three
points.

A natural question to ask is whether or not each of the surfaces M lies
in a one-parameter family of complete embedded minimal surfaces of finite
total curvature. It is known that the plane and the catenoid are the unique
embedded examples of finite total curvature with their respective topologies.
In particular they cannot be perturbed through embedded examples. However

THEOREM 1. The surfaces My each lie in a smooth one-parameter family
of embedded minimal surfaces.

In the case of genus k = 1, the surface M; is conformally the square torus
C/Z x Z, punctured in the three half-lattice points. It can be deformed
through a family of embedded minimal surfaces which are, conformally, rect-
angular tori punctured in the three half-lattice points. In general, the surfaces
M, have two catenoid-type ends and one flat end. (By an end of a complete
minimal surface of finite total curvature, we mean the image in R3 of a neigh-
borhood of a puncture point. An embedded end is a “catenoid-type end” if
it converges at infinity to an end of the catenoid. It is called a “flat end” if
it converges at infinity to a plane. For embedded ends on complete minimal
surfaces of finite total curvature, these are the only possibilities.) They con-
tain k + 1 straight lines which meet at a common point P and diverge into
the flat end. The perturbations have three catenoid-type ends and contain no
lines. The symmetry group of M}, is the dihedral group D(2k + 2), generated
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PROPERLY EMBEDDED MINIMAL SURFACES
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PERTURBED GENUS ONE EXAMPLES
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SCHERK’S SECOND SURFACE

THEOREM 3. If M is a complete embedded minimal surface of finite total

curvature, then
L(M) =Iso(M) = Sym(M).

Our computer-generated pictures of the examples My suggested that as k
grew large, the surfaces began to resemble a catenoid cut by a flat plane at
the waist, with the circle of intersection replaced by a series of tunnels. In
fact this can be made mathematically rigorous.

THEOREM 4. The surfaces My converge, as a point set, to the union of a
plane and the catenoid.

All the interesting geometry in the above convergence procedure is hap-
pening near the limiting waist-circle of intersection, where the total Gaussian
curvature on the surfaces M}, is concentrated and is blowing up as k goes to
infinity. To see what is actually happening in this singular convergence, let
Ny be the surface produced as follows. First homothetically expand the sur-
face My by a factor which makes the maximum absolute value of the Gauss
curvature equal to one. Then translate the surface so that a point of extreme
curvature occurs at the origin.

THEOREM 5. A subsequence of the surfaces Ny converges, up to similarity
transformation, to Scherk’s Second Surface:

sinh(z)sinh(y) = sin(2).

If the points of mazimal curvature on each My, are chosen carefully, the entire
sequence will converge.

Each end of a complete immersed minimal surface M of finite total curva-
ture is a properly immersed, once-punctured, compact disk with a well-defined






