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CONSTANT MEAN CURVATURE
SURFACES IN EUCLIDEAN THREE-SPACE

NICOLAOS KAPOULEAS

1. Introduction. A soap film in equilibrium between two regions of dif-
ferent gas pressure is characterized mathematically by the condition that the
surface it defines has nonzero constant mean curvature. It is an old problem
in classical differential geometry to decide which finite topological types of
surfaces can be realized as complete, properly immersed surfaces of nonzero
constant mean curvature in E3.

For a long time, the only known examples of such surfaces were, besides the
round sphere and the cylinder, a family of rotationally invariant surfaces dis-
covered in 1841 by Delaunay [D]. Alexandrov [A] proved that the only closed
embedded surfaces of constant mean curvature are round spheres. More re-
cently, H. C. Wente [W] constructed immersed tori of constant mean curva-
ture. (Higher-dimensional examples had been constructed earlier by Wu-Yi
Hsiang [H].)

The finite topological types of surfaces as above can be classified by the
genus g and the number of ends m. We prove the following [K1, K2].

THEOREM 1. Given any g > 0, m > 3, or g > 2, m = 2, there are
infinitely many cmc surfaces of genus g and with m ends. (We adopt the
abbreviation cme surfaces to stand for properly immersed complete surfaces in
E3 of constant mean curvature 1.) The ends of these surfaces are asymptotic
with exponential rate to Delaunay surfaces.

THEOREM 2. If g > 3 then there are infinitely many closed cmc surfaces
of genus g.

These theorems are a consequence of two theorems which provide general
constructions for such surfaces. We refer the reader to [K1, K2] for the
technical details.

Also doubly or triply periodic embedded cmc surfaces are constructed.
These surfaces have the symmetries of some lattice in E2 and our construction
yields many additional surfaces beyond those which are known [L].

Many of the cme surfaces of finite topological type are proved to be em-
bedded, and work is still in progress to determine exactly for which (g, m)
embedded examples exist.

Sketch of the proof. The Delaunay family of surfaces can be parame-
trized by a continuous parameter 7 such that we have embedded surfaces for
7 < 0 and immersed ones for 7 > 0. The positive curvature regions tend to
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