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THE INDECOMPOSABLE K3 OF FIELDS 

MARC LEVINE 

In this note, we describe an extension of Hubert's Theorem 90 for K2 
of fields to the relative K<i of semilocal PID's containing a field. Most of 
the results for K2 of fields proven in [M-S and S] then carry over to the 
relative K% of semilocal PID's containing a field, e.g. computation of the 
torsion subgroup, and the norm residue isomorphism. Applying this to the 
semilocal ring of {0,1} in A^, for a field E, gives a computation of the torsion 
and co-torsion in 

K3{Eynd:=K3{E)/K^(E). 

Specifically, we have 
(1) The torsion subgroup of K3(E)ïnd is H°t(E,v®?). 
(2) K3(F,Z/n)™d+Hit(E^®2) for (n,char(£)) = 1, so 

\\mK3(E)'md/ln^Hlt(E, Z|(2)) for / prime, I # char(£). 
n 

(3) K3(E)md satisfies Galois descent for extensions of degree prime to 
char(£). 

(4) Bloch's group B(E) is uniquely n-divisible if E contains an algebraically 
closed field, and (n, char(i£)) = 1. 

The results (3) and (4) follow directly from (1) and (2). To prove (1) and 
(2), the essential case is when E is a finite extension of the prime field; when 
E has positive characteristic (1) and (2) follow from Quillen's computation 
of the if-theory of finite fields [Q2]. For E a number field, (1) and (2) are 
the conjectures of Lichtenbaum and Quillen in the case of K3, i.e. if E is a 
number field, the Chern class 

c2|1 : K3(Erd ® Zi - H\t{E, Z,(2)) 

is an isomorphism. Merkurjev and Suslin have obtained these results, using 
similar methods. Here we give a sketch of the proof of Hubert's Theorem 90 
for relative #2, and its application to the Lichtenbaum-Quillen conjecture for 
K3. 

Let R be a semilocal PID with Jacobson radical I. Let V be an Azu-
maya algebra over R, and X the associated Brauer-Severi scheme over R. Let 
X denote the fiber over R := R/I. There is an E\ spectral sequence con­
verging to the relative K-theory K* (X, X) analogous to the Quillen spectral 
sequence converging to K+(X); the E2 term E^^X^X) is a relative analogue 

Received by the editors May 19, 1987. 
1980 Mathematics Subject Classification (1985 Revision). Primary 18F25, 19F27, 19D55. 

©1987 American Mathematical Society 
0273-0979/87 $1.00 + $.25 per page 

321 



322 MARC LEVINE 

to HV(X, K-q). One proves essentially as when R is a field: 

LEMMA 1. Assume that D is split, and D has prime rank I over R. Let 
h: R —• R' be a finite étale extension. Then 

is injective. 

Let 5 be a semilocal PID with Jacobson radical J . Let L be the quotient 
field of S. Weibel [W] has shown that K2{S^ J) is generated by symbols {a, 6}, 
with a G (1 + J)*, b € L*. Suppose that S contains a field k containing /*/, / 
a prime. Let a be in S*, let Sa = S[X]/Xl - a, if char(fc) ^ /; if char(fc) = /, 
let Sa = S[X]/Xl -X-a. Let Ja be the Jacobson radical JSa of Sa, let 

N:K*(Sa,J<*)->K*{S,J) 

be the norm map, and let a be a generator of Gsl(Sa/S). 

LEMMA 2. {y,l-N{y)} is in {1 - a)K2{Sa,Ja) for all y e {I + Ja)*. 

PROOF (SKETCH). In [S], this is done by an easy direct computation. We 
proceed here by a generic element method. 

Let Fo be the prime field. If F0 = Q, let R = Q(a)[%); if F0 = F p , let 
R = Fp(#, £o)M(t)> with to and t indeterminants. If E is an extension ring of 
F0 let RE = E[t]w. We let k0 be the ground field Qfo) or Fp(û,*0). If T is 
an ^-scheme let T denote the fiber over R := R/{t). After making a purely 
transcendental extension, we may assume that S contains ko. 

Let Xo,... ,£j_i, v be indeterminants over A;, and let u = vl if / / p; if 
/ = p, let w = vp - v. Let A0, A, and £ be the rings 

i4° = *ö[xo,. . . ,*i-i], A = A°[t4], B = A°M, 

so i? = A[v]. Let x be the element 

x = l + t^XiV1 €RB, 

so x is the "generic element" of the universal Kummer extension (or Artin-
Schreier extension if / = p) RB/RA with x = 1 modi. 

Let N: RB —* RA be the norm, a the generator of GB\(RB/RA) with 
a(v) = £v for I / p, <r(v) = v + 1 for / = p. Let X1!1 = Spec(i?s), X = 
Spec(i^) and X° = Spec(i?^o). Let W be the closed subscheme of X1!1 

defined by the ideal ((1 — iV(x))/£), W' the subscheme defined by (x). 
The symbol {x, 1 - N{x)} defines an element of K2{X1/1 - {W U W7)» 

There is an affine open subset U of X1!1 — W — W', containing the generic 
point of X , and an element // of K2(U, U) with 

(*) {x,l-7V(x)} = / /7 / i mK2(UjJ). 

This is fairly easy to show, the essential points being 
(1) the inclusion X —• X1!1 is split, 
(2) Xlll and X are both affine lines over X°. 


