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ALGEBRAIC SURFACES AND 4-MANIFOLDS: 
SOME CONJECTURES AND SPECULATIONS 

ROBERT FRIEDMAN AND JOHN W. MORGAN 

Introduction. Since the time of Riemann, there has been a close interplay 
between the study of the geometry of complex algebraic curves (or, equiva-
lently, compact Riemann surfaces) and the topology of 2-manifolds. These 
connections arise from the uniformization theorem, which asserts that every 
simply connected Riemann surface is conformally equivalent to either the Rie­
mann sphere, the plane, or the interior of the unit disk. Prom this it follows 
that every compact Riemann surface has a conformally equivalent metric of 
constant curvature. A key idea in the proof of this result is the Dirichlet 
problem: Find a harmonic function on a Jordan region R in the plane with 
given boundary values. Any such harmonic function minimizes the functional 

f^ ff \Vf\2dxdy 

among all functions on R with the given boundary values. The existence of 
such functions has a physical interpretation. If we view the boundary values 
as a charge density on dR then the harmonic function corresponds to the 
resulting electrostatic potential in R. This physical interpretation suggests 
that such a harmonic function should exist and should be unique, at least 
for reasonable regions and boundary conditions. In fact one can solve this 
problem by integrating over the boundary a family of Green's functions, each 
of which is the electrostatic potential of a point charge, against the charge 
density. 

The connection between the analysis and differential geometry of 2-dimen-
sional metrics of constant curvature on the one hand and the topology and 
algebraic geometry of compact Riemann surfaces on the other has been a 
fruitful one. Major ideas have evolved from the work of Teichmüller [39], and 
Ahlfors and Bers [1, 6] and more recently through the work of Thurston [40]. 
Some of the nicest recent examples of this interplay can be found in [20], with 
applications to the algebraic geometry in [21]. 

Of course a smooth complex algebraic variety of dimension n is naturally a 
C°° -manifold of dimension 2n. But for n > 3 the algebraic geometry of these 
varieties diverges quite markedly from the topology for many reasons, some 
of which will be made more precise below. Quite surprisingly, very deep con­
nections have emerged recently between the complex geometry of a complex 
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surface and the C°°-topology of the underlying 4-manifold. These connections 
follow the paradigm briefly indicated above in the case of Riemann surfaces. 
By minimizing a certain functional analogous to the Dirichlet integral one con­
structs geometric objects (Yang-Mills connections) associated to Riemannian 
4-manifolds. These should be thought of as "harmonic" connections. They 
have (at least sometimes) a physical interpretation in terms of three of the 
basic forces of nature (the electromagnetic, the weak, and the strong force). 
The original emphasis for the analysis of these objects came from the physics. 
Yang and Mills introduced nonabelian gauge theory in 1954 [46]. There was 
an upsurge of interest in solving the Yang-Mills equations in the 1970s, when, 
after initial work of Penrose, Atiyah became interested in the problem. It 
was the insight of Penrose and Atiyah that techniques of algebraic geometry 
might produce physically interesting solutions to these equations (cf. [2, 34]). 

While the original applications of this confluence of physics and mathemat­
ics were from topology and algebraic geometry to the physical problems, there 
was eventually a reversal of direction, as often happens in mathematics. It was 
Donaldson [11] who realized that the spaces of Yang-Mills connections could 
be used to define invariants to study 4-manifolds and complex surfaces. These 
recent advances and the subsequent work they motivated are the subject of 
this paper. 

The starting point for this study of the differential topology of complex 
algebraic surfaces is the theory of connections on certain auxiliary principal 
G-bundles over 4-manifolds, where G is a compact Lie group. Let M be a 
closed oriented C°°-manifold, P -^ M a principal G-bundle, and a d P the 
bundle associated to P via the adjoint representation of G on its Lie algebra. 
We denote by Q*(M) the G°° z-forms on M and by fî*(M;adP) the G°° 
f-forms on M with values in ad P. If A is a connection on P , then its curvature 
FA lies in Q2(M; adP) . Given a Riemannian metric g on M, there are induced 
Hodge *-operators 

ü\M) A Qn-*(M) and n*(M;adP) A Q n - ' (M;adP) 

where n = dimM. If n = 4, then both *FA and FA belong to Q2(M; adP). 
Moreover, there is a natural energy functional on the space of all connections: 
the Yang-Mills functional 

A~ f ||FA||2<*VO1. 
JM 

The Euler-Lagrange equations for critical points (i.e., the Yang-Mills equa­
tions) are 

DAFA = 0\ 
DA*FA = 0 J 

where DA is the covariant derivative on H2(M;adP) associated to the con­
nection A. The solutions to these equations are the Yang-Mills connections. 
(Notice that DAFA = 0 is the Bianchi identity which holds for all connec­
tions.) The natural group of symmetries of P, Q(P) = {<p: P —• P 17ro£> = 7r 
and <p(p • g) = <p(p) • g for all p 6 P and g € G}, is called the gauge group. It 
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acts on the space of connections leaving invariant the Yang-Mills functional. 
Thus, it leaves invariant the subspace of Yang-Mills connections. 

There is a special subspace of Yang-Mills connections to which we often 
restrict. These are the anti-self-dual connections (resp. self-dual connections) 
which by definition are connections A whose curvature satisfies 

FA = -*FA (resp. FA = *FA). 

(Of course, self-dual and anti-self-dual connections are Yang-Mills connec­
tions.) In the special case that G = SU(2), the anti-self-dual connections 
(resp. self-dual connections) are the absolute minima for the Yang-Mills func­
tional provided C2{P) > 0 (resp. C2{P) < 0). 

Let us illustrate all of this with the abelian case, that is, the case of a 
U(l)-bundle P over a simply connected 4-manifold M. Since U(l) is abelian, 
ad P is a trivial R-bundle. Hence, the curvature of a connection A on P is 
an ordinary 2-form FA € fi2(M;R). Furthermore, DA is ordinary exterior 
derivative. Thus, the Bianchi identity simply says that FA is closed. Of 
course, its cohomology class is C\(P) € //*2(M;R). The Yang-Mills equations 
say that FA is also closed, i.e., harmonic. The existence of such connections is 
completely understood: By Hodge theory every cohomology class has a unique 
harmonic representative. Furthermore, given a closed form F representing 
ci(P), there is a connection A on P with FA = F. Thus, every U(l)-bundle 
P has Yang-Mills connections and the curvature of any such connection is the 
unique harmonic representative for ci(P). The nonuniqueness of these Yang-
Mills connections is accounted for by the gauge group. Since M is simply 
connected, any two connections with the same curvature lie in the same $(P)-
orbit. Hence, the set of all Yang-Mills connections on the U(l)-bundle P are 
all equivalent by the gauge group. 

Maxwell's equations for electromagnetism in the vacuum can be interpreted 
as the Yang-Mills equations on a U(l)-bundle over space-time. More explicitly, 
let B(x, J/, 2, i) = (Bx, By, Bz) and E(x, y, z, t) = (Ex, Ey, Ez) be the magnetic 
and electric fields. Then consider the 2-form over (z, y, 2, t)-space 

Q = Exdx Adt + EydyAdt + Ez dz A dt 

+ Bx dy A dz + By dz A dx + Bz dx A dy. 

The equations div B = 0 and V x E = -dB/dt say that dû = 0. The 
equations div E = 0 and V x B — dE/dt say that d(*fi) = 0 for the Hodge 
•-operator associated to the metric 

ds2 = dx2 + dy2 + dz2 - dt2. 

Thus, Maxwell's equations can be formulated as saying that Q is a harmonic 
2-form. Let A = (Ax,Ay,Az) be the vector potential and <p be the scalar 
potential, and set 

(jj = Axdx + Aydy + Azdz — <pdt. 

The equations E = -V<p - dA/dt and B = V x A say that a; is a 1-form 
satisfying du = Q. It is natural to view a; as a connection 1-form on a 
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U(l)-bundle over space-time with curvature H. The reason is that changing 
the potentials (A, <p) by (V^, -dip/dt) corresponds to acting on w by the 
gauge group. This then is the formulation of electromagnetism in terms of 
Yang-Mills connections on U(l)-bundles over space-time. 

The above discussion shows that Yang-Mills theory for G = U(l) essentially 
reduces to Hodge theory. Of course Hodge theory is a powerful tool for the 
study of the topology of smooth algebraic varieties. Still it is natural to ask if 
more information is available when we take G to be nonabelian. In this case 
the Yang-Mills equations or the anti-self-dual equations are nonlinear PDEs. 
For this reason, we expect the theory to be both more subtle and richer. 
The choice of the group G will be dictated by physical and/or mathematical 
considerations. Thus, SU(2) x U(l) arises in attempting to unify the weak 
force with the electromagnetic force [44], and SU(3) arises for the strong 
force [18]. Although one can develop the mathematical formalism for any 
compact Lie group, the details are best understood in the cases G = SU(2) 
and G = SO(3). However, for reasons that will become apparent below, we 
shall confine ourselves to G = SU(2). 

We fix now a smooth 4-manifold M with Riemannian metric g and a prin­
cipal SU(2)-bundle P over M with C2{P) > 0. The recent breakthrough in 
understanding the differential topology of algebraic surfaces comes from con­
sidering the moduli space M (P, g) of all anti-self-dual connections on P modulo 
the gauge group of the bundle. The basic analytic properties of M(P, g) have 
been established by Uhlenbeck [42], Taubes [38], and Donaldson [11, 13] (cf. 
also Atiyah-Hitchin-Singer [3]), and the method, which we shall describe, of 
applying these results to C°° 4-manifolds was pioneered by Donaldson. For 
a generic metric, it turns out that M(P,g) is a finite-dimensional orientable 
submanifold of JT(F), the space of all connections modulo the gauge group. 
Its dimension d can be computed from the Atiyah-Singer index theorem. The 
basic idea is to try to use M(P,g) to define a cycle class in the homology 
of X{P). Unfortunately, M(P,g) is rarely compact. Thus, one is faced with 
the problem of trying to compactify it in a canonical way. This is one of the 
main technical points in the theory. But this problem can be surmounted, at 
least for C2{P) sufficiently large, and one obtains a homology class [M(P,g)] 
in H+(X{P)). Of course the space M(P, g) depends on the Riemannian metric 
g. However, as we vary g, M(P, g) usually varies by a homology in X{P), and 
in the exceptional cases its failure to do so can be precisely described. Fi­
nally, there is an explicit description of H*{X(P)\ Q) in terms of H*(M). In 
particular, using the second Chern class of the universal bundle on M x X (P) 
one can identify H2{M) with H2(X{P)). Furthermore, the product in co-
homology induces an injection of the polynomial algebra on H2(X(P)) into 
H2*{X(P)). Thus, evaluating elements of Hd(X{P)) on [M{P,g)] gives a 
polynomial of degree d/2 on H2(M) which is a differential invariant of M. 

This machinery is especially well suited to studying algebraic surfaces. The 
reason traces back to a theorem of Donaldson [12]: When M is an algebraic 
surface and g is an appropriate Kahler metric one can identify M (P, g) with 
the moduli space of stable holomorphic bundle structures on the complex 
2-plane bundle associated to P. (It is for this reason that we consider the 
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special unitary group as opposed to the special orthogonal group.) Conse­
quently, the moduli spaces of stable bundles over an algebraic surface, which 
are algebro-geometric in nature, give important C°° invariants of the under­
lying smooth manifold. Quite independently of these considerations, alge­
braic geometers have been studying holomorphic rank-2 vector bundles over 
algebraic surfaces for twenty-five years. They have developed a wealth of 
techniques for classifying them and studying their moduli spaces. 

Since the inception of the theory of 4-manifolds, a guiding question has 
been: 

What is the relationship between smooth 4-manifold theory 
and the theory of algebraic surfaces? 

For the reasons indicated above, the methods of gauge theory give us power­
ful new tools to attack this question. Of course, one doesn't expect a complete 
correspondence. For example, any finitely presented group occurs as the fun­
damental group of a closed orientable smooth 4-manifold, but fundamental 
groups of algebraic surfaces are severely restricted. One such restriction is 
given by Hodge theory [19]: 61 = 0 (mod 2) for an algebraic surface. For 
more subtle restrictions see [9]. These examples suggest that one should first 
focus attention on the simply connected case. In this paper, we shall consider 
the C°°-topology of complex algebraic surfaces, state some results and give 
some conjectures and speculation which these results suggest (at least to us). 

1. A brief review of the homotopy theory of 4-manifolds. Through­
out this section we are concerned with simply connected, closed, oriented, 
smooth 4-manifolds. Any such manifold M has an orientation class [M] G 
#4 (M; Z). Cap product with it induces the Poincaré duality isomorphism 

f | [ M ] : / / i ( M ; Z ) - ^ / f 4 - i ( M ; Z ) . 

Since M is simply connected, Hi (M; Z) = 0. By Poincaré duality it follows 
that Hs(M; Z) = 0 and that H2(M; Z) is a free abelian group of finite rank. 
Furthermore, Poincaré duality induces an intersection pairing 

qM: H2{M;Z) ® H2(M;Z) - Z 

which is symmetric and nonsingular, i.e., unimodular. (We shall also use the 
dual pairing on cohomology which is given by the cup product pairing and 
evaluation on the top class.) This then leads to the first invariant associated to 
a 4-manifold: the algebraic isomorphism class of the pairing (Ü2{M; Z), CM)-

The isomorphism classification of such pairings is more or less understood: 
Let (A, q) be a unimodular, symmetric pairing. Its rank is the rank of the free 
abelian group A. Its index I(q) is defined as follows: Over R the pairing can be 
diagonalized, i.e., there is an R-basis x i , . . . , x^ for A 0 R such that q(xi, Xj) = 
0 for i 7É j . We set p(q) equal to the number of xt for which q{xi,X{) > 0. 
Similarly, we define n(q) as the number of Xi for which q(xi,Xi) < 0. Since q 
is nonsingular p(q) + n(q) is equal to the rank. We define I(q) = p(q) - n(q). 
We say that a pairing is positive (resp. negative) definite if n(q) = 0 (resp. 
p(q) = 0). Lastly, we say that q is even if q(a,a) = 0 (mod 2) for all a € A. 
Otherwise we say the pairing is odd. This defines the parity of q. 


