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ALGEBRAIC SURFACES AND 4-MANIFOLDS:
SOME CONJECTURES AND SPECULATIONS

ROBERT FRIEDMAN AND JOHN W. MORGAN

Introduction. Since the time of Riemann, there has been a close interplay
between the study of the geometry of complex algebraic curves (or, equiva-
lently, compact Riemann surfaces) and the topology of 2-manifolds. These
connections arise from the uniformization theorem, which asserts that every
simply connected Riemann surface is conformally equivalent to either the Rie-
mann sphere, the plane, or the interior of the unit disk. From this it follows
that every compact Riemann surface has a conformally equivalent metric of
constant curvature. A key idea in the proof of this result is the Dirichlet
problem: Find a harmonic function on a Jordan region R in the plane with
given boundary values. Any such harmonic function minimizes the functional

= /R IV fI? da dy

among all functions on R with the given boundary values. The existence of
such functions has a physical interpretation. If we view the boundary values
as a charge density on R then the harmonic function corresponds to the
resulting electrostatic potential in R. This physical interpretation suggests
that such a harmonic function should exist and should be unique, at least
for reasonable regions and boundary conditions. In fact one can solve this
problem by integrating over the boundary a family of Green'’s functions, each
of which is the electrostatic potential of a point charge, against the charge
density.

The connection between the analysis and differential geometry of 2-dimen-
sional metrics of constant curvature on the one hand and the topology and
algebraic geometry of compact Riemann surfaces on the other has been a
fruitful one. Major ideas have evolved from the work of Teichmiiller [39], and
Ahlfors and Bers {1, 6] and more recently through the work of Thurston [40].
Some of the nicest recent examples of this interplay can be found in [20], with
applications to the algebraic geometry in [21].

Of course a smooth complex algebraic variety of dimension = is naturally a
C*°-manifold of dimension 2n. But for n > 3 the algebraic geometry of these
varieties diverges quite markedly from the topology for many reasons, some
of which will be made more precise below. Quite surprisingly, very deep con-
nections have emerged recently between the complex geometry of a complex
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surface and the C'°°-topology of the underlying 4-manifold. These connections
follow the paradigm briefly indicated above in the case of Riemann surfaces.
By minimizing a certain functional analogous to the Dirichlet integral one con-
structs geometric objects (Yang-Mills connections) associated to Riemannian
4-manifolds. These should be thought of as “harmonic” connections. They
have (at least sometimes) a physical interpretation in terms of three of the
basic forces of nature (the electromagnetic, the weak, and the strong force).
The original emphasis for the analysis of these objects came from the physics.
Yang and Mills introduced nonabelian gauge theory in 1954 [46]. There was
an upsurge of interest in solving the Yang-Mills equations in the 1970s, when,
after initial work of Penrose, Atiyah became interested in the problem. It
was the insight of Penrose and Atiyah that techniques of algebraic geometry
might produce physically interesting solutions to these equations (cf. [2, 34]).

While the original applications of this confluence of physics and mathemat-
ics were from topology and algebraic geometry to the physical problems, there
was eventually a reversal of direction, as often happens in mathematics. It was
Donaldson [11] who realized that the spaces of Yang-Mills connections could
be used to define invariants to study 4-manifolds and complex surfaces. These
recent advances and the subsequent work they motivated are the subject of
this paper.

The starting point for this study of the differential topology of complex
algebraic surfaces is the theory of connections on certain auxiliary principal
G-bundles over 4-manifolds, where G is a compact Lie group. Let M be a
closed oriented C*°-manifold, P M a principal G-bundle, and ad P the
bundle associated to P via the adjoint representation of G on its Lie algebra.
We denote by Qf(M) the C™ i-forms on M and by (Qf(M;ad P) the C®
i-forms on M with values in ad P. If A is a connection on P, then its curvature
F4 lies in 0%(M; ad P). Given a Riemannian metric g on M, there are induced
Hodge *-operators

QM) 5 Q"' (M) and Q(M;adP) S Q" (M;ad P)

where n = dim M. If n = 4, then both *F4 and F,4 belong to (1?(M;ad P).
Moreover, there is a natural energy functional on the space of all connections:
the Yang-Mills functional

A / [ Fal|? dvol.
M

The Euler-Lagrange equations for critical points (i.e., the Yang-Mills equa-

tions) are

DsF4=0

DaxF4 =0
where D, is the covariant derivative on (2(M;ad P) associated to the con-
nection A. The solutions to these equations are the Yang-Mills connections.
(Notice that DgaF4 = 0 is the Bianchi identity which holds for all connec-
tions.) The natural group of symmetries of P, (P) = {p: P — P |mop=7
and p(p- g) = ©(p) - g for all p € P and g € G}, is called the gauge group. It
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acts on the space of connections leaving invariant the Yang-Mills functional.
Thus, it leaves invariant the subspace of Yang-Mills connections.

There is a special subspace of Yang-Mills connections to which we often
restrict. These are the anti-self-dual connections (resp. self-dual connections)
which by definition are connections A whose curvature satisfies

Fp=—%Fy, (resp. Fy = +F4).

(Of course, self-dual and anti-self-dual connections are Yang-Mills connec-
tions.) In the special case that G = SU(2), the anti-self-dual connections
(resp. self-dual connections) are the absolute minima for the Yang-Mills func-
tional provided ca(P) > 0 (resp. c2(P) < 0).

Let us illustrate all of this with the abelian case, that is, the case of a
U(1)-bundle P over a simply connected 4-manifold M. Since U(1) is abelian,
ad P is a trivial R-bundle. Hence, the curvature of a connection A on P is
an ordinary 2-form F4 € Q?(M;R). Furthermore, D, is ordinary exterior
derivative. Thus, the Bianchi identity simply says that Fj4 is closed. Of
course, its cohomology class is ¢; (P) € H?(M;R). The Yang-Mills equations
say that Fj is also closed, i.e., harmonic. The existence of such connections is
completely understood: By Hodge theory every cohomology class has a unique
harmonic representative. Furthermore, given a closed form F representing
¢1(P), there is a connection A on P with F4 = F. Thus, every U(1)-bundle
P has Yang-Mills connections and the curvature of any such connection is the
unique harmonic representative for ¢; (P). The nonuniqueness of these Yang-
Mills connections is accounted for by the gauge group. Since M is simply
connected, any two connections with the same curvature lie in the same G(P)-
orbit. Hence, the set of all Yang-Mills connections on the U(1)-bundle P are
all equivalent by the gauge group.

Maxwell’s equations for electromagnetism in the vacuum can be interpreted
as the Yang-Mills equations on a U(1)-bundle over space-time. More explicitly,
let B(z,y, 2,t) = (Bz, By, B;) and E(z,y, 2,t) = (E;, Ey, E.) be the magnetic
and electric fields. Then consider the 2-form over (z,y, 2, t)-space

Q=FE;dzAdt+ Eydyndt+ E,dzNdt
+ B;dyAdz+ Bydz Adz + B, dz A dy.

The equations divB = 0 and V x E = —9B/dt say that d} = 0. The
equations divE = 0 and V x B = JE/dt say that d(x{)) = 0 for the Hodge
x-operator associated to the metric

ds? = dz? + dy? + d2? — dt?.

Thus, Maxwell’s equations can be formulated as saying that () is a harmonic
2-form. Let A = (A, Ay, A;) be the vector potential and ¢ be the scalar
potential, and set

w=Azdz + Aydy + A.dz — pdt.

The equations E = —Vp — dA/0t and B = V X A say that w is a 1-form
satisfying dw = 1. It is natural to view w as a connection 1-form on a
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U(1)-bundle over space-time with curvature (2. The reason is that changing
the potentials (A, @) by (V4, —8v/dt) corresponds to acting on w by the
gauge group. This then is the formulation of electromagnetism in terms of
Yang-Mills connections on U(1)-bundles over space-time.

The above discussion shows that Yang-Mills theory for G = U(1) essentially
reduces to Hodge theory. Of course Hodge theory is a powerful tool for the
study of the topology of smooth algebraic varieties. Still it is natural to ask if
more information is available when we take G to be nonabelian. In this case
the Yang-Mills equations or the anti-self-dual equations are nonlinear PDEs.
For this reason, we expect the theory to be both more subtle and richer.
The choice of the group G will be dictated by physical and/or mathematical
considerations. Thus, SU(2) x U(1) arises in attempting to unify the weak
force with the electromagnetic force [44], and SU(3) arises for the strong
force [18]. Although one can develop the mathematical formalism for any
compact Lie group, the details are best understood in the cases G = SU(2)
and G = SO(3). However, for reasons that will become apparent below, we
shall confine ourselves to G = SU(2).

We fix now a smooth 4-manifold M with Riemannian metric g and a prin-
cipal SU(2)-bundle P over M with c3(P) > 0. The recent breakthrough in
understanding the differential topology of algebraic surfaces comes from con-
sidering the moduli space M(P, g) of all anti-self-dual connections on P modulo
the gauge group of the bundle. The basic analytic properties of M(P, g) have
been established by Uhlenbeck [42], Taubes [38], and Donaldson [11, 13] (cf.
also Atiyah-Hitchin-Singer [3]), and the method, which we shall describe, of
applying these results to C*° 4-manifolds was pioneered by Donaldson. For
a generic metric, it turns out that M(P,g) is a finite-dimensional orientable
submanifold of X (P), the space of all connections modulo the gauge group.
Its dimension d can be computed from the Atiyah-Singer index theorem. The
basic idea is to try to use M(P,g) to define a cycle class in the homology
of X(P). Unfortunately, M(P,g) is rarely compact. Thus, one is faced with
the problem of trying to compactify it in a canonical way. This is one of the
main technical points in the theory. But this problem can be surmounted, at
least for c;(P) sufficiently large, and one obtains a homology class [M(P, g)]
in H.(X(P)). Of course the space M(P, g) depends on the Riemannian metric
g. However, as we vary g, M(P, g) usually varies by a homology in X (P), and
in the exceptional cases its failure to do so can be precisely described. Fi-
nally, there is an explicit description of H*(X(P); Q) in terms of H.(M). In
particular, using the second Chern class of the universal bundle on M x X (P)
one can identify He(M) with H%(X(P)). Furthermore, the product in co-
homology induces an injection of the polynomial algebra on H2(X(P)) into
H?*(X(P)). Thus, evaluating elements of H%(X(P)) on [M(P,g)] gives a
polynomial of degree d/2 on H?(M) which is a differential invariant of M.

This machinery is especially well suited to studying algebraic surfaces. The
reason traces back to a theorem of Donaldson [12]: When M is an algebraic
surface and g is an appropriate Kahler metric one can identify M(P,g) with
the moduli space of stable holomorphic bundle structures on the complex
2-plane bundle associated to P. (It is for this reason that we consider the






