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ABSTRACT. The problem of equivalence of binary forms under the gen­
eral linear group is shown to be a special case of the problem of equiva­
lence of particle Lagrangians under the pseudogroup of transformations 
of both the independent and dependent variables. The latter problem 
has a complete solution based on the equivalence method of Cartan. 
This leads to the determination of a universal function which relates two 
particular rational covariants of any binary form. In essence, the main 
result is that two binary forms are equivalent if and only if their uni­
versal functions are identical. Extensions to forms in higher dimensions 
are indicated. 

Consider a first-order variational problem 

dx 
C[u] = ƒ L{x,u,p)dx, x,u € R, p = —, 

where the Lagrangian L(x,u,p) is analytic on a domain H C R3. Two 
Lagrangians L and L are equivalent if there exists a change of variables 
x = <p(x,u), ü = tp(x,u) mapping one to the other. The change in the 
derivative is a linear fractional transformation 

c • p + a 
where a = ipu, b = ipx, c = <pu, d = <px. Equivalent Lagrangians must be 
related by 

(2) L(x,u,p) = (c-p + d) -L{x,u,p). 

(This equivalence problem is a restricted version of the "true" Lagrangian 
equivalence problem, in which one can also add in a divergence term, solved 
m [7].) 
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Cart an [1] developed a powerful algorithm that will solve such equivalence 
problems, providing explicit necessary and sufficient conditions for equiva­
lence. The first step is to reformulate the problem in terms of differential 
forms. Following Cart an, we introduce the "coframes" 

ui = du — p • dx, u>2 = L(x, u, p) • dx, 0J3 = dp, 

CJ1 = du — p' dx, u>2 = L(x, u, p) - dx, £3 = dp, 

which are bases for the cotangent spaces T*Q and T*H respectively. It is 
then easily seen that two Lagrangians L and L are equivalent, if and only if 
there is a diffeomorphism $ : fi —• Ü such that the pull-back $* transforms 
the coframes as follows: 

$*(£>!) = A-UJi, $*(d)2) = B-ÜJI+ÜJ2, $*{Üz) = C'ÜJi+D'üJz + E'Us. 

Here A,B,C,D,E are unspecified functions of x,u,p, with A,E ^ 0. This 
condition can be restated more symmetrically by introducing the "lifted" 
coframes 

0\ = A-UJi, 02 = B -0Ji+U>2, 03 — C -Ui + D 'OJ2 + E *^35 

0i = A • cDi, 02 = B - ui + 0J2, Ö3 = C - ui + D • Ü2 + E ' Û3, 

which live on Q x G and Q x G, where G denotes the Lie group consisting of 
all matrices 

[A 0 0 ] 
A,B,C,D,EeR, A,E^0. 

LEMMA 1 [1]. Two Lagrangians L and L are equivalent if and only if 
there is a diffeomorphism ^ : Q x G — • H x G mapping the lifted coframes 
directly to each other: 

* * & ) = 0U * * & ) = 02, 9*(03) = 03. 

The solution to this equivalence problem is now effected by the fundamental 
Cartan algorithm [1,2,3]. There are three distinct branches. If Lpp = 0, then 
the variational problem is trivial. The other two branches depend on whether 
Lpp has the same or opposite sign to L in Q. In both cases, the group reduces 
to the identity, whereby explicit formulas for the parameters A,B,C,D,E are 
determined, and the final structure equations take the form 

d01 = - ƒ . 0 ! A03+02A03, </02 = ±0i A03, d03 = R0\ A03 + S -0i A03. 

(The ± sign depends on the branch.) Thus, there are three fundamental in­
variants for the problem, denoted / , R and S. (However, the "generalized 
Bianchi identity" of [2] shows that S is a function of I and its derived invari­
ants, so there are really only two independent invariants.) We find 

(o\ T _ L ' Lppp + 3LP • Lpp 
( ' \L\W-\L„\W ' 

while the explicit formulas for R and S are quite a bit more complicated [2,7]. 
However, if L depends only on the derivative p, then R = S = 0 and there is 
just one invariant. 
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