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Projective representations take their name from projective geometry. To 
be specific, let G be a finite group, K a field, and V a finite-dimensional 
vector space over K. Let ft be a homomorphism of G into the projective 
general linear group PGL(V), i.e., the group of all projective transformations 
of the projective space whose points are the one-dimensional subspaces of V. 
Since many of the finite simple groups are defined as subgroups of groups 
PGL(Vr) for finite K, their natural injections into PGL(V) furnish important 
examples. PGL(V) can be identified with the quotient group of the group 
GL(y) of all invertible linear transformations of V by the normal subgroup 
Z consisting of scalar multiples of the identity 1QL(V) by the elements of 
Kx = K — {0}. Accordingly, ft can be studied as follows: for each g G G 
choose a representative p(g) of the coset h(g)Z = h(g)Kx ; then p is a mapping 
of G into GL(V) such that 

(1) P(gi)p(92) = ot{g1,g2)p{gig2) 

for some mapping a of G x G to Kx ; we can suppose that 

(2) p(lG) = lG L(v). 

Then p can be studied in place of ft; this replaces a projective situation by 
a more familiar linear one, though at the price that p depends on arbitrary 
choices. Any mapping p of G to GL(Vr) that satisfies (1) and (2) for any 
a is called a projective representation of G; if a is specified, p is called an 
a-representation. 

Many examples can be constructed as follows: let 

(3) 1 — A — H •£ G — 1 

be a central extension, i.e., an epimorphism H —• G of finite groups with 
ker ƒ = A contained in the center of H; thus G = H /A if we identify ker ƒ 
and A. (The group H is also called a central extension of G.) For each g 6 G 
choose an inverse image /j,(g) G H such that f{p>{g)) = g, with / / (1G) = 1H-

Then for each linear representation r of H, the rule 

(4) P(g) = rfa(9)) 
defines a projective representation p of G. For example, if H is either of 
the nonabelian groups of order 8, A its center, and ƒ the natural map to 
G = H J A, the 2-dimensional irreducible complex representation of H yields 
a projective representation of the Klein four-group. Central extensions play 
an important role in the proof of the classification of finite simple groups 
[2; 7, pp. 295-303]; furthermore, attempts to use the classification to prove a 
conjecture for arbitrary finite groups sometimes reduce the conjecture to the 
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case of central extensions of simple groups. (Projective representations of Lie 
groups can also be defined and are used in quantum theory, in particular in 
connection with spinors.) 

The associative law for G implies that a is a 2-cocycle in Z2(G,KX), 
where Kx is considered a G-module with multiplication as operation and 
trivial action. If we replace p by another choice p' with corresponding 2-
cocycle a', we find that a and a' are cohomologous; so it is the cohomology 
class of a in H2(G,KX) that matters. If a is the trivial cocycle, the a-
representations of G are just the linear representations of G; this means that 
projective representation theory is a generalization of linear representation 
theory. On the other hand, we shall see that the study of linear representations 
leads inevitably to the introduction of projective representations. 

One way to do projective theory is to go through the linear theory, general­
izing each definition and proof as you go along. For example, the group algebra 
KG is generalized by the twisted group algebra KaG: this is an associative 
if-algebra possessing a basis {bg \ g G G} with multiplication determined by 

b9lbg2 =a(gug2)bgig2. 

Then a bijection between all «-representations p of G and all linear represen­
tations R of KaG is defined by p(g) = R(bg). Thus all the representation 
theory of this algebra becomes available to study the «-representations of 
G. In particular we can talk in terms of üfaG-modules. (But beware: the 
adjective "projective" has completely different meanings for modules and for 
representations.) 

A second way is to use central extensions to reduce questions about projec­
tive representations to corresponding questions about linear representations. 
For example, suppose that a has finite order m in Z2(G,KX) and that K 
contains a primitive mth root £ of unity. Let 

Ga = {ç% | i E Z, g e G} C KaG. 

Then Ga is a finite group under multiplication, and for each «-representation 
poîG, the restriction r to Ga of the corresponding R is a linear representation 
of Ga with r(bg) = p{g). This is a reverse of the construction that led to (4) 
applied to the central extension 1 —• {ç1} —• G a —• G —• 1. This lifting of 
p to r reduces much of the theory of «-representations to the study of some 
of the linear representations of G a , which is called the a-covering group (or 
a-representation group) of G. 

If K is algebraically closed, a more elaborate construction due to Schur 
yields a finite group H such that all the projective representations of G can 
be lifted to representations of H (apart from a shift to cohomologous cocy-
cles). H is called a representation group of G; it is "almost unique". For 
example, any finite simple group has a unique representation group, but both 
nonabelian groups of order 8 are representation groups for the four-group. 
In the corresponding exact sequence (3), A is isomorphic to H2(G,KX). If 
K = C, this is called the Schur multiplier of G. The calculation of the Schur 
multipliers of the simple groups is a difficult part of the above-mentioned work 
related to the classification; for example, the Schur multiplier of the Mathieu 
group M22 is cyclic of order 12. 


