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CRABGRASS, MEASLES, AND GYPSY MOTHS:
AN INTRODUCTION TO MODERN PROBABILITY

RICHARD DURRETT

This paper is based on a talk given at the Annual Meeting of the American
Mathematical Society in San Antonio, Texas, January 21-24, 1978. The sub-
ject is interacting particle systems and the aim of the paper, like that of the
talk, is to explain some of the results in this area to someone with no knowl-
edge of probability theory except for an understanding of what it means to
flip a coin with probability p of heads. More than this is needed for some of
the proofs given below, so a short appendix (three paragraphs) is provided
which explains some of the concepts which may be unfamiliar.

In what follows we will discuss five models. The last three are hinted at
in the title. The first two (Richardson’s model and percolation) are related
systems which are of interest in their own right, and will set the stage for
explaining the other processes. Along the way the reader will encounter first-
passage percolation, the subadditive ergodic theorem, branching processes,
and large deviations, and will see how interacting particle systems can be
used to study nonlinear PDE’s.

1. Richardson’s model. In this model the state at time n is &, C Z9.
When considering this process as a model of the spread of a biological popula-
tion, we think of the points of &, as being “occupied”. At other times when we
think of Richardson’s model as describing the spread of an infection through
an orchard of trees, we will call the points in £, “infected”. Both interpreta-
tions are common in the literature and we will use both below as convenience
dictates. Using the first interpretation, the evolution of the process may be
described as follows:

Ifze€ &, thenz € &4

Ifz ¢ én then P(z ¢ €n+1|fn) - (1 _ P)# of occupied neighbors_

The first rule says there are no deaths. To explain the second rule we begin
with the left-hand side. It says: “The probability that z is not in &,4+; given
that &, is the state at time n.” On the right-hand side, the neighbors of z are
the 2d points with ||z —y||; = 1 (where ||z —y||1 = |z1 —y1|+- - -+ |za — v4l)-
In words, the rule says each occupied neighbor independently sends a particle
to z with probability p, so the probability they all fail to put a particle at
z is given by the right-hand side. The reader should note that the state at
time n is a subset of Z9, i.e. each site is occupied by 1 or 0 particles, so if two
neighbors simultaneously make the site occupied only one particle results.
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Let £9 be the state at time n when initially only 0 is occupied. In Richard-
son’s model £9 grows and eventually contains all of Z¢, so attention focuses
on how €9 grows. The main result says the set of occupied sites has a limiting
shape:

(1) THEOREM. There i3 a convez set D so that for any € > 0 we have
n(l-€)DNz%c € cn(l+¢€)D
for all n sufficiently large.

Loosely speaking ¢2 looks like nD N Z¢ when n is large. To get a feel for
this result and how it is proved we begin with the trivial case d = 1. In this
situation if we let tx = inf{n: k € €2} be the first time k is infected, then it
is easy to see that

Piti>m)=(1-p™ form=0,1,...,

i.e., t1 has a geometric distribution. A little more thought shows that t5 —¢;,
t3—t2,... are independent random variables which have the same distribution
as t1, so the strong law of large numbers can be applied to conclude that with
probability one

ti/k converges to Et; as k — oo,

where E denotes expected value and

oo
Ety= ) mP(ty =m) =1/p.
m=1
Since {k € €2} = {tx < n}, a little arithmetic shows that Theorem 1 holds
with D = [—p, p].

The simple argument above breaks down in d > 1 because there is more
than one way for the infection to spread from 0 to z, and a new approach is
needed. We begin by reformulating the model to show that it is a special case
of “first-passage percolation”. Consider Z¢ as a graph with edges connecting
each pair of points z, y with ||z—y||; = 1 and assign each edge an independent
random variable 7(z,y) = 7(y,z) with a geometric distribution. (When the
geometric distribution is replaced by a general distribution the resulting model
is called first-passage percolation.) If the infection reaches z first then 7(z, y)
is the amount of time that elapses before the particle at z tries to infect the
one at y. From the interpretation of 7(z,y) it should be clear that if zo = 0,
Z1,...,Zn = Y is a path from 0 to y (i.e., ||zi-1 —zi]i =1fori=1,...,n)
then the “travel time” for this path, 7(zg,z1) + -+ + 7(Zn-1,2n), gives an
upper bound for the time it takes the infection to spread from 0 to y. A little
more thought reveals that the first infection time

t(y) = inf{n: y € &}
is the infimum of the travel times over all paths from 0 to y.
In studying t(y), it is useful to consider ¢(z,y) = the minimum travel time
for paths from z to y because this family of variables has the subadditivity
property: '

(2) t(z,y) +t(y, 2) 2 t(z, 2)
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(paths from z to y and from y to z can be combined to give a path from z to z
but there are other ways to get from z to z). (2) is called subadditivity. When
= holds in (2), as it did in d = 1, ¢(0, k) is a sum of k¥ independent random
variables and the strong law of large numbers implies that with probability
one

t(0,k)/k — Et(0,1) as k — oo.

Somewhat remarkably, almost the same conclusion holds under (2):
(3) Let tx = t(0, kz) where z € Z¢. With probability one

tx/k — infEt;/j as k — oo.
J

The first step in the proof is a nice exercise for an undergraduate analysis
class: if ax = Etx then (1) implies a; + ax—; > ax and it follows from this
that

ak/k — il}fa]‘/j as k — oo.

The rest of the proof is too involved to give here. A nice proof can be found in
Liggett (1985a). To motivate the reader to look up this paper we would like to
point out that the result proved there is a generalization of Kingman’s (1973)
subadditive ergodic theorem, which is in turn a very useful generalization of
Birkhoff’s ergodic theorem.

(3) gives a limiting result for the passage time to (kz,0) when z € Z¢.
If we extend the definition of the first-passage time to z € R? by setting
t(z) = inf{n: [z] € €2}, where [z] is the closest point in Z2 to z (with some
convention for breaking ties) then an easy argument shows

(4) There is a constant ¢(z) so that with probability one

t(kz)/k — c(z).

The last result gives radial limits for the first-passage times. With a
little work this conclusion can be improved to show that (1) holds with
D = {z: ¢(z) < 1}. The key step is to show that there is a § > 0 so
that P(€2 D {z: ||z||s < né}) — 1. Once this is established a simple covering
argument does the rest.

The expression for the limiting constant in (3) is mathematically nice be-
cause the infimum exists and is nonnegative and finite. It does not, how-
ever, lend itself well to computation (except of course for upper bounds), and
very little is known about the limit set D in d > 1. One can, of course,
make the trivial observations that D has the same symmetry as Z¢, contains
{z: ||z|l1 < p}, and is contained in {z: ||z||; < 1}, the limit when p = 1. The
only nontrivial information about D is that in d = 2 it has a “flat edge” when
pisclose to 1,i.e. DN{z: z; +z2 = 1} is an interval. See Durrett and Liggett
(1981) for a proof.

NOTES. For more about first-passage percolation see Smythe and Wierman
(1978), Cox and Durrett (1981), and Kesten (1986) or (1987b). An interesting
higher-dimensional generalization which is an active topic of current research
is treated in Kesten (1987a).
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2. Percolation. Percolation is one of the simplest systems which exhibits
a “phase transition”. In this model we again consider Z4 as a graph with edges
connecting each pair of points z, y with ||z — y||; = 1, but this time the edges
(which we will call bonds) are designated as open or closed with probabilities
p and 1 — p respectively, and the choices are made independently for each
bond. We think of the open bonds as being air spaces which are large enough
to permit the passage of a fluid. With this in mind we define the cluster
containing 0: Cp = {z: 0 — z}, where 0 — z is short for “there is a path of
open bonds from 0 to z” (and “path” is as defined in the previous section).
C) is the set of sites which will become wet if there is a source of fluid at 0. If
Co is infinite then we say percolation occurs. The probability of percolation is
a nondecreasing function of p, so it is natural to define the critical probability

pe = inf{p: P(|Co| = 00) > 0}.

In d = 1 the percolation problem is trivial. p, = 1 because if p < 1
then moving in either direction from 0 one will eventually encounter a closed
bond and not be able to go further. In what follows then we will confine our
attention to d > 2. The first thing to be proved is that p. is nontrivial, i.e.,
0 < p. < 1. To prove the lower bound we begin by observing that if there
is a path from 0 to z then there is a self-avoiding path, i.e., one which visits
any point at most once. The number of self-avoiding paths of length n is
< 2d(2d — 1)"~! (the first step may be in any direction but after that we are
forbidden to go back where we came from.) The probability that such a path
is open is p™ so the probability of having an open self-avoiding path of length

> N is at most
[o o]

> 2d(2d - 1) pn
n=N
If p < 1/(2d — 1) then the last sum — 0 as N — 00, so P(|Cp| = 00) = 0 and
Pec 2 1/(2d" 1)’
To prove p, < 1 it suffices to consider the case d = 2 since the critical value
is a decreasing function of the dimension. Let

w={ z+[-1/2,1/27
z€Co

W stands for wet region. In words, we have replaced each point in Cy by a
square of side 1 centered at the point so the result is a solid blob. If Cj is finite,
let T be the boundary of the unbounded component of the open set R2 — W.
T is called the contour associated with Co. If we let Y2 = (1/2,1/2) + 22
and consider Y2 as a graph with edges connecting points z,y € Y? with
||z —y|l1 = 1 then drawing a picture (see Figure 1) one sees that I is a union
of edges on the graph Y2 and each edge in I crosses a closed bond on Z2.

If the contour has length n (i.e., it consists of n edges) then the probabil-
ity all the edges it crosses are closed is (1 — p)™. The contour is automati-
cally self-avoiding and since it surrounds 0, it contains some edge of the form
((k+1/2,-1/2),(k+1/2,1/2)) where 0 < k < n/2. Combining the last two
observations we see that the number of contours of length n is less than n3"~!
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FIGURE 1

and that the probability of a contour of length greater than NN is at most

o0
Z n3"~1(1-p)".
n=N
The shortest possible contour has length 4 so if p is close to 1 the sum
is less than 1 and there is positive probability that no contour exists (i.e.,
percolation occurs). To get a better bound on p. we observe that if p > 2/3
then the last quantity goes to 0 as N — oo. To see that this is enough to
show there is positive probability of percolation pick N = 4(2M + 1) to make
the sum < 1 and observe that if by a miracle all the bonds in [-M, M]? are
open then the shortest possible contour around Cp has length N and given
that the miracle occurs the probability that such a contour will exist is < 1.
The last two results show that in d = 2 we have 1/3 < p. < 2/3, and if
one is good at leaping to conclusions one can guess that the answer is the
midpoint of this interval: p, = 1/2. The first step in proving this was taken
by Harris in 1960 when he showed p, > 1/2. Four years later two physicists,
Sykes and Essam, showed that if one assumed that the function

oo
f(®) =) _ n"'Py(|Co| =n)

n=1
(the subscript on P indicating that bonds are open with probability p) which
gives “the number of clusters per unit volume” has a singularity at p = p.
but is otherwise smooth, then p, = 1/2, and for percolation on triangular
and hexagonal lattices in d = 2 one has p. = 2 sin(7/18) [the unique root of
3p—p® =1in (0,1)] and p. = 1 — 2 sin(r/18) respectively.

This state of affairs existed for over 15 years until Kesten showed in 1980
that p. = 1/2 and shortly thereafter Wierman generalized Kesten’s proof to
show that the numbers given above for the triangular and hexagonal lattice
were also correct. The proof of Kesten’s result is a somewhat lengthy story






