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and Bibliography of Riemannian Geometry, compiled by Bérard and Berger, 
with a partial update covering the period since 1982. 

The book is not, and is not intended to be, a broad overview of the by 
now very large topics of direct and inverse problems in Riemannian geometry. 
It is, however, a clear account of the contributions along the above lines of 
the author and his collaborators, and some of its material is not in print 
elsewhere. Altogether, within the framework of its aims, the book conveys 
a clear account of this interesting work, and comprises, together with the 
recent book of Chavel [CH] on related topics, a very worthwhile addition to 
the literature of spectral geometry. 
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A function is arithmetic if it is defined on the positive integers. In this 
review arithmetic functions will be real or complex valued. The scope of this 
definition is rather wide, and functions of number theoretic interest generally 
have some structure attached to them. An example is the Dirichlet divisor 
function rf(n), which counts the number of distinct divisors of the integer n. 
Its values on the first ten integers are 1, 2, 2, 3, 2, 4, 2, 4, 3, 4, and appear 
roughly increasing. Considered over the range 205 < n < 215 however, we 
have 4, 6, 10, 4, 16, 2, 6, 4, 4, 4. It is characteristic of functions of number 
theoretic interest that their successive values sail so erratically about. I begin 
with a snapshot history of the methods devised in Analytic Number Theory 
to come to grips with this phenomenon. As in many a family album, some 
important relations do not get into the picture. 

According to Dirichlet, it was Gauss who considered the mean-value 

(1) M(g,x) = x-1J29(n) 
n<x 
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of an arithmetic function g. Dirichlet, himself, employed this notion several 
times. He showed that 

(2) x-1 ^2 d(n) = log* + (27 - 1) + 0(aT1 / 2) 
n<x 

uniformly for x > 1, where 7 is Euler's constant. A much more spectacular 
application appears in his celebrated proof that when the integers a > 0, 
6 have no common factor other than 1, the arithmetic progression am + 6, 
m = 1,2, . . . , contains infinitely many primes. Besides this, in his proof 
Dirichlet employed series of the form 

(3) <?(*) = f>(n)n" s . 
n = l 

It is a mark of Dirichlet's consummate artistry in their application that they 
have been named after him. 

The arithmetic function g is said to be multiplicative if it satisfies the 
relation g(ab) = g(a)g(b) whenever the integers a, b are mutually prime. Since, 
apart from order, every positive integer can be represented uniquely as a 
product of primes p, 

(4) f ] g(n)n-° = ]J(1 + rfp)p- + </(p2)p-2s + • • • ) 
n = l p 

in the sense that if for some (real) s one side is absolutely convergent, then 
so is the other, and their values are equal. On the left is a Dirichlet series, 
on the right an Euler product. When g(n) is identically 1 we get a further 
simplification 

(5) fn-^na-p-r1, 
n = l p 

certainly for real s > 1. By letting s —• 1+ and noting that the series of 
reciprocals n"1 diverges, Euler could conclude that there were infinitely many 
primes. Dirichlet took this as his own starting point. For him the rôle of g 
was played by suitable extensions of the characters on an appropriate residue 
class group. The construction of these characters was another pioneering step 
along the way. 

Ultimately Dirichlet needed information about the particular series (3) un­
der consideration, as s approached 1. It was to this end that he employed 
Gauss' idea of a mean-value. 

This approach to the properties of prime numbers was transformed by a 
suggestion of Riemann: Regard the function ç(s) of the Dirichlet series at (5) 
as a function of the complex variable s, and examine its analyticity. From a 
knowledge of the zeros of £(s), and so of — log ç(s), we shall be able to deduce 
the distribution of the primes. 

For the function ç(s), now known as the Riemann zeta function, Riemann 
carried out a program of analytic continuation. In fact it is analytic over the 
whole plane save at s = 1 where, not unexpectedly, there is a pole. It satisfies 
a functional equation. There are no zeros of ç(s) in the half-plane Re(s) > 1, 
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but infinitely many in the strip 0 < Re(s) < 1. Riemann's hypothesis is that 
these zeros all lie on the line Re(s) = 1/2. 

We should distinguish between two aspects of Riemann's view of Dirich-
let series. The first is that if we know the sum function G(s) well enough, 
then we can deduce the properties of the coefficients g(n). This is exempli­
fied in the multiplicative function d(n). On the mth power of a prime p, 
d(pm) = m + 1. An easy computation of the Euler product at (4) shows that 
the Dirichlet series corresponding to the divisor function is {ç{s))2. Using an 
integral transform and our knowledge of the behavior of £(s), we can rederive 
Dirichlet's estimate for the mean-value of d(n). Indeed, this method, embel­
lished with methods for treating exponential sums, enabled the error term at 
(2) to be pushed down, so that by the early part of this century it went below 
0(x~2 /3) . In this direction, the step from primes to integers, no information 
is required concerning the zeros of Dirichlet series. 

The second aspect of the Riemann view is that if we know how to continue 
G(s) analytically, and wish to derive the properties of g on the primes, we 
need the further information of when G vanishes. After Riemann's paper in 
1859 it was nearly forty years before a method of any generality was found 
to guarantee a zero-free region. It required the existence of an Euler product, 
and when applied to ç(s) could show that there were no zeros on the line 
Re(s) = 1. From this Hadamard and de la Vallée-Poussin in 1896 derived the 
first genuine asymptotic estimate 

(6) lim - j ^ - = 1 
3-+00 X/ l o g X 

for the number ir(x) of primes up to a given magnitude x, and so realised part 
of Riemann's program. It has been a fight to improve the size of the zero-
free region of ç(s), and despite brilliant and ingenious contributions, such as 
that of Vinogradov, we still do not know if there is a strip a < Re(s) < 1 
with 1/2 < a < 1, in which ç(s) does not vanish. For the time being analytic 
number theory seems to be learning to live without the validity of the Riemann 
hypothesis. One might say that the step from integers to primes is deeper and 
more troublesome than the step from primes to integers. 

Dirichlet was the successor of Gauss, at Göttingen, and Riemann the suc­
cessor of Dirichlet. Their works, introduced in the mid-nineteenth century, 
gave a flying start to the study of arithmetic functions, introducing methods 
which remain lively to this day. Nonetheless, there are limitations to their 
approach. The multiplicative function defined by g(pm) = (—l)m+1pm""1 has 
a sum function G(s) defined by a series absolutely convergent in Re(s) > 1. 
It has zeros at (2kiri + log(p + l))/logp for integers k and primes p, and 
every point of the line Re(s) = 1 is a limit point of these. There is no further 
analytic continuation of G(s). Even for multiplicative functions we cannot 
generally expect to employ analytic continuation. Under the influence of the 
relation (5) we might retain the feeling of direction: primes to integers or, 
integers to primes, but general quantitative estimations would need a new 
aesthetic. In fact one was to come from the Theory of Probability. 

Let ƒ be a real-valued arithmetic function. For temporarily fixed x > 1, 
consider the frequency Fx(z) = vx(n\ f(n) < z) amongst the integers n in the 
interval 1 < n < x, of those for which the inequality ƒ (n) < z is satisfied. 
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Instead of considering the mean-values (1), we can investigate the limiting 
behavior, as x —• oo, of the distribution functions Fx(z). These distribution 
functions have the merit that unlike mean-values they are not particularly 
sensitive to isolated large values of ƒ, however they are less convenient to 
work with. 

A real function ƒ is deemed additive if for mutually prime integers a, b it 
satisfies the relation f(ab) = f (a) + f(b). The choice f(q) = 1 for all prime-
powers q defines w{n), which counts the number of distinct prime divisors of 
the integer n. In 1917 Hardy and Ramanujan proved that if e > 0, then in a 
well-defined sense 

\(j(n) - loglogn| < (loglogn)1/2+e 

holds for almost all integers n. Their proof went by induction on the integral 
values of u;(n), and was rather special in nature. They asked what other 
arithmetic functions essentially increased in this manner. Seventeen years 
went by and then a second proof of their result was given by Turân. As he 
showed, the interesting feature of Turân's proof method was that it would 
apply to an arbitrary additive function. In a form arrived at by Kubilius in 
1962, it could be made to yield 

(7) £ | / ( n ) - £ < r 7 ( < 7 ) | ^ z ^ - V f o ) ! 2 , x > l , 
n<x q<x q<x 

with absolute constant c\ and prime-powers q. As Turân wrote to me in 1976, 
there was not the slightest sign that anyone suspected the existence of such 
general inequalities. 

Beginning in the thirties of this century, a number of authors studied arith­
metic functions implicitly in terms of the behavior of the frequencies Fx(z). 
By 1938 Erdós, who made wide use of the method of Turân, explicitly proved 
that for a real additive arithmetic function the convergence of the three series 

fir) v- tip? <*> Ei. E *?. 
| / ( P ) | > 1 P |/(P)|<1 P I/(P)I<1 P 

was sufficient to ensure that the frequencies vx(n\ f(n) < z) converge weakly 
to a limiting distribution as x —• oo. This result may also be applied to certain 
positive-valued multiplicative functions 0, for then log g(n) is additive. 

From a present day perspective, the Turân-Kubilius inequality looks re­
markably like Tchebyshev's inequality for uncorrelated random variables, and 
the condition of Erdós' theorem like Kolmogorov's three-series criterion for 
the almost-sure convergence of a series of independent random variables. In 
fact neither Turân nor Erdós knew much of probability, as they themselves 
told me. The foundations of the theory of probability had been given accept­
able clarity with the axioms of Kolmogorov in 1933, the year before Turân's 
paper appeared. 

A method of probability, rather than the application of an aesthetic, was 
introduced into the study of arithmetic functions by Kac, who viewed the 
divisibility of integers by differing primes in terms of the independence of 
random variables. It was only approximate independence, but it enabled the 
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Central Limit Theorem to be applied. Thus in 1939 Erdös and Kac proved 
that 

1 ÇZ 

vx(n;u(n) - log log x < z>J\og\ogx) => —== ƒ e~u /2du, x —• oo. 
V27T J-oo 

The contribution of Erdös to this joint work was to overcome the approximate 
nature of the independence by the application of the (complicated) method of 
Brun's sieve. Note that in the spirit of the theory of probability, the arithmetic 
function oj(n) is renormalised in terms of the unbounded moving parameter 
x. 

The method of Erdôs and Kac ensured a similar convergence to the normal 
law for a wide class (though not all) of additive arithmetic functions. In 
particular, Kac showed that 

"«(n;d(n) < 2 l o g l o g *W l o g l o g*) =• - 1 = f e'u2/2du, x - oo. 
V27T J-oo 

From a probability point of view, Hardy and Ramanujan would have said 
"normally", the divisor function d(n) is about (logn) log2 in size, with log2 = 
.6931... A comparison with Dirichlet's estimate (2) shows that the mean 
value of d{ri) is forced up by relatively infrequent large values. 

In a joint work with Wintner, Erdös proved that the conditions (8) are also 
necessary for the weak convergence of the frequencies vx(n\ f(n) < z). To this 
end they applied the results of Erdös and Kac. In the light of the history of 
the prime number theorem, it is not surprising that this step, 'from integers 
to primes,' required more effort. 

The work of Erdös and Kac was clarified and extended by Kubilius, who in 
1954/55 constructed a finite probability space on which to model the behavior 
of additive arithmetic functions by sums of independent random variables. 
Altogether this approach is successful only if the function involved is not too 
often large on the prime-powers. This restriction reflects not only the nature 
of the model, but also the limitations of the underlying sieve method. In 
particular, the method fails if f(q) = (log g)** for a fixed a > 1. 

There is a method in the theory of probability, due to Lyapunov, which does 
not initially involve independence. The weak convergence of the frequencies 
vx{n\ f(n) < z) is equivalent to the uniform convergence, on compact £-sets, 
of the characteristic functions 

r 
j —< 

ettzdvx(n\ ƒ(n) < z), t real. 

A straightforward calculation shows that this characteristic function is 

n<x 

with a multiplicative function g(n) = exp(itf(n)) that satisfies \g(n)\ — 1 for 
all positive integers n. We are back to mean values! 

In view of this equivalence, and our earlier remarks concerning the unlike­
lihood of analytically continuing the corresponding Dirichlet series G(s), the 
situation in 1960 might not have seemed hopeful. Indeed, the Möbius function 
//(n), which is (—l)w(n) when n has no square divisor greater than 1, and is 


