
214 BOOK REVIEWS 

6. E. Hecke, Lectures on the theory of algebraic numbers, Graduate Texts in Math., vol. 
77, Springer-Verlag, Berlin and New York, 1981. 

7. M. Lejeune and B. Teissier, Clôture intégrale des idéaux et équisingularité, Sém. École 
Polytechnique, (1973-1974). 

8. J. Milnor, Singular points of complex hypersurfaces, Ann. of Math. Studies, No. 61, 
Princeton, 1968. 

9. H. C. Pinkham, Deformations of algebraic varieties with Gm-action, Astérisque 20 
(1974). 

10. J. G. Semple and G. T. Kneebone, Algebraic curves, Oxford, 1959. 
11. S. Washburn, Analytically trivial families of local rings, J. Algebra 35 (1975), 528-533. 
12. O. Zariski, On the topology of algebroid singularities, Amer. J. Math. 54 (1932), 453-

465. 
13. , Studies in equisingularity. I. Equivalent singularities of plane algebroid curves, 

Amer. J. Math. 87 (1965), 507-536. 
14. , Studies in equisingularity. II. Equisingularity in codimension 1 {and characteristic 

zero), Amer. J. Math. 87 (1965), 972-1006. 
15. , Studies in equisingularity. III. Saturation of local rings and equisingularity, Amer. 

J. Math. 90 (1968), 961-1023. 
16. , Characterization of plane algebroid curves whose module of differentials has maxi­

mum torsion, Proc. Nat. Acad. Sci. U.S.A. 56 (1966), 781-786. 

SHERWOOD WASHBURN 

BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 18, Number 2, April 1988 
©1988 American Mathematical Society 
0273-0979/88 $1.00 + $.25 per page 

Partial differential relations, by Mikhael Gromov. Ergebnisse der Mathematik 
und ihrer Grenzgebiete, Vol. 9, Springer-Verlag, Berlin, Heidelberg, New 
York, London, Paris and Tokyo, 1986, be + 363 pp., $60.00. ISBN 0-387-
12177-3 

In this important book, Gromov studies very general classes of partial 
differential equations and inequalities, many of which arise from problems in 
differential geometry. Using a variety of surprising and intricate techniques, 
he shows that in many cases these partial differential relations satisfy the "/i-
principle", i.e., they admit rich families of solutions whenever the appropriate 
topological obstructions vanish. 

Most of the ideas presented here have their origins in a series of papers 
which Gromov wrote in Russian in the later 60s and early 70s, some alone and 
some in collaboration with Eliashberg and Rochlin. Thanks to the excellent 
lecture notes of Haefliger [H] and Poenaru [P], the earliest part of this work is 
reasonably well-known. However, this is just the tip of the iceberg: the later 
papers contain many more, totally original ideas. Unfortunately, these papers 
were sketchily written, and contained various references to other papers which 
never appeared. Gromov has devoted a great deal of effort over the past few 
years to working out these ideas. The end result is this magnificent book. 

The core of the book is a series of abstract and powerful theorems. These 
include a sharp version of the Nash-Moser implicit function theorem which 
is specific to partial differential operators, as well as much more geometric 
results such as the main flexibility theorem and the theorems about convex 
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integration. These serve as the basis for very interesting and far-reaching dis­
cussions of a wealth of applications and open questions. The book is also full 
of exercises for the reader, some with hints and/or references, which Gromov 
uses to suggest connections, new approaches and generalizations of his results. 
Thus this book not only contains a full and detailed description of a whole 
new theory, but also gives the reader a great deal of insight into the many 
new questions which it opens up. 

To begin, I shall try to give you some idea of the scope of the applications. 
The foundational example is the celebrated immersion theorem of Smale-
Hirsch (1959), which goes as follows. 

THEOREM 1. Let V and W be manifolds, and suppose that either dim V < 
dim W, or V is open. Then, a smooth map ƒ :V -+W can be homotoped into 
a smooth immersion if and only if it can be covered by a continuous bundle 
map <p : TV —• TW, which is injective on each fiber of TV. 

Here, as always, we assume that the manifolds are connected and with­
out boundary, so that "open" is equivalent to "noncompact". Note that the 
force of this theorem lies in the "if" statement: the "only if" statement fol­
lows easily from the fact that the space of fiberwise injective bundle maps 
TV —• TW fibers over the space of maps V —• W. As an example, let V be 
an open, parallelizable n-dimensional manifold, and consider the trivial map 
ƒ : V —• pt € Rn. The parallelism defines a map TV -+ Rn which is a linear 
isomorphism on each fiber. It therefore follows that every such V immerses 
into Rn. 

This book studies a vast range of similar questions. For example: 
When can a smooth map f:V -+W be homotoped into a submersion, or to 

a map which preserves some Riemannian metric, or which is transverse to a 
foliation? 

When can a nondegenerate 2-form /3 onV be homotoped through a family 
of nondegenerate forms into a closed nondegenerate form u? (Recall that a 
2-form P on a 2n-dimensional manifold V is said to be nondegenerate if the n-
fold wedge product /?A • • • A/3 never vanishes, and that a closed nondegenerate 
form is also called a symplectic form.) 

The emphasis here is on general rather than particular cases, and the meth­
ods presented work in situations where solutions are abundant—in fact, as in 
Theorems 2 and 4 below, they may be dense in the relevant function space. 

Here are some sample results. The first is an improvement of Nash's iso­
metric immersion theorem, which clearly was another important influence on 
Gromov's work. 

THEOREM 2. Let (V,g) and (W,h) be Riemannian C°°-manifolds of di­
mensions n and q respectively, and let fo'.V —• W be a strictly short map 
(i.e., fo decreases all distances by a factor strictly less than 1). If q >(n + 2)-
(n + 3)/2, then fo admits a fine C°-approximation by isometric C°°-immer­
sions f :{V,g) -+ (W,h). 

THEOREM 3. IfV is open, every nondegenerate 2-form /? can be homo­
toped to a nondegenerate closed form u) through nondegenerate forms. More­
over, one can specify the cohomology class of u in advance. 


