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There are three appendices: (1) Elementary properties of symmetric ma-
trices over fields. (2) The geometry of metric spaces as another expression
of the theory of quadratic forms. (3) Modules and ideals in quadratic fields
Q(VA) and their norm forms. This is helpful for the understanding of the
Euler products occurring in Chapter Four.
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1. The theory of numbers: its great conjectures. Problems in num-
ber theory have fascinated generations of professional and amateur scientists.
Still today mathematicians are attracted to number theory because its history
has brought so many conjectures. Some, like the Riemann Hypothesis, stated
in 1859 (see §2), and the Goldbach conjecture, which goes back to 1742 (see
§6), have yet to be proven. Others, thanks to the ingenuity of contemporary
mathematicians or to highly sophisticated computer methods, have been re-
solved: such is the case of the Mertens conjecture (see §5), which was proven
false by Odlyzko and te Riele [39] in 1983, some 86 years after it was stated.

Many problems in number theory involve arithmetical functions. Our in-
tent here is to present a survey of (what we feel are) the most significant results
in the theory of arithmetical functions, thereby leading us into a review of the
books of McCarthy and Elliott. Though our presentation obviously cannot
be exhaustive, our objective is to display most of the classical arithmetical
functions (those which “made history”) and to introduce the reader to the
methods used by mathematicians to analyze their behavior. The two books
under review are mainly concerned with results and methods in elementary
and analytic number theory, though the second assumes some knowledge of
probabilistic number theory; thus our survey will reflect the development of
arithmetical functions only in these three areas.
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2. The Prime Number Theorem: the first significant result. Al-
ready in 300 B.C., Euclid was aware of the fundamental theorem of arithmetic
(“given n € N, there exist r € N and primes ¢; < g2 < -+ < ¢, such that
n is uniquely written as n = ¢7"* - g92 - - - ¢+ for some positive integers a;”)
and proved that there exist infinitely many primes. Nevertheless, until a few
centuries ago, number theory progressed by strictly elementary methods. But
when, in the 18th century, Legendre and Gauss claimed that 7(z), the number
of primes up to z, behaves somewhat like z/(logz)—they were essentially
stating what is known today as the Prime Number Theorem (from here on
denoted by PNT), i.e.,

w(z)

Am /(logz) —
—more powerful methods such as analysis made their entrance in the race for
solving major number theory problems. Gauss knew that Li(z) def f; dt/(logt)
was asymptotic to z/(log z), and he suggested, using a table of primes up to
3,000,000, that 7(z) is asymptotic to Li(z). He died before one could obtain
a proof of his conjecture. It took a little more than a century before it could
be proven: it was finally established independently by Hadamard and de la
Vallée Poussin in 1896. This was certainly the first significant achievement in
the area of analytic number theory. It was indeed so deep that an elementary
proof of the PNT was only obtained in 1949 when Erdés [13] and Selberg [42]
separately published proofs of it.
In their proof of the PNT, both Hadamard and de la Vallée Poussin used
what we now call the Riemann zeta function, defined by

(1) s(6) =Y =

n=1

1

This series obviously converges for any real s > 1. Euler was familiar with it.
For instance, he noticed that, for s > 1,

-1

(@) Z H(1+ +om -)=H(1-%) ;
P

where the infinite product extends over all primes. Relation (2) is commonly
called the Euler identity. In 1859, essentially a century later, Riemann, in a
famous ten-page paper [40], considered the series Y- | 1/n® for complex s,
and extended the function ¢ to the whole complex plane, showing by analytic
continuation that, except for a pole of order 1 at s = 1, ¢(s) is analytic in C.
He proved the famous functional equation (already known to Euler for real s)

3) ¢(1 - s) = 2(2m)™° cos(ms/2)T'(s)s(s),

deduced from it that ¢(—2n) = 0 for all integers n > 1, and further claimed
that the only other solutions to ¢(s) = 0 satisfy Re(s) = 1/2. This statement
about the distribution of the zeros of the Riemann zeta function is known as
the Riemann Hypothesis (from now on denoted by RH). Relation (2) being
also true for all s € C such that Re(s) > 1, it is easy to prove that ¢(s+4t) # 0
if Re(s) > 1. From (3) it follows that ¢(s+%t) # 0 if Re(s) < 0. Hence besides
the trivial zeros 8 = —2n, n > 1, all the zeros p = B + 7y of ¢ must satisfy
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0 < 3 < 1. Hadamard and de la Vallée Poussin proved that ¢(1 + 3t) # 0 for
all real ¢ (which by (3) also means that ¢(st) # 0), a fact which turned out to
be equivalent to the PNT. They actually proved that

4) m(z) = Li(z) + O(z exp(—c/log z))

(here f(z) = O(g(z)) means that there exists a constant C > 0 such that
|f ()] < C|g(z)] if z is sufficiently large), for some positive constant c.

The size of the error term in (4) depends on the location of the zeros of the
zeta function. For instance, if it could be proved that ¢(s) # 0 for all s such
that Re(s) > 0 for some % < 0 < 1, then we would have, for any fixed £ > 0,
n(z) = Li(z) + O(2%+¢). Assuming RH, von Koch [34] proved that

(5) n(z) = Li(z) + O(z'/? log z).

The breakthrough initiated by Riemann confirmed the close interaction
between the theory of functions of one complex variable and the theory of
arithmetical functions. This connection is further studied in §5.

3. The group of arithmetical functions. It can easily be shown that
the PNT is equivalent to the statement v (z) ~ z, where ¥(z) = 3_,, <, A(n),
A being the von Mangoldt function defined on the positive integers by A(n) =
logp if n = p* for a certain prime p and a € N, and A(n) = 0 otherwise.
(Here and in what follows f(z) ~ g(z) means that lim;_, . f(z)/g(z) = 1.)
The von Mangoldt function is a particular example of an arithmetical function,
that is, a complex-valued function defined on the natural numbers. Arithmetic
function and number-theoretic function are synonyms of arithmetical function.
Although it is not explicit in the definition, such a function should have some
kind of “arithmetic flavor” in the sense that the value associated with the
integer n should somehow reflect or depend on the arithmetic structure of n.

More than 3000 years ago the Pythagoreans were studying perfect numbers,
that is those positive integers which are equal to the sum of their proper
divisors, or in other words the solutions of the equation o(n) = 2n, where
o(n) stands for the sum of the divisors of n. For instance, 6, 28, 496 and
8128 are perfect numbers. Euclid proved that every integer 2™~1(2™ — 1),
where 2™ — 1 is a prime number, is perfect and moreover that all even perfect
numbers are of that form. As of today, no odd perfect number is known.

The arithmetical function o is a member of a large class of arithmetical
functions known as the multiplicative functions. A function f is said to be
maultiplicative if f(mn) = f(m)f(n) whenever (m,n) = 1. From this definition
it follows that if f is not identically zero, then f(1) = 1. Moreover each
multiplicative function f is entirely determined by its values on prime powers,
that is

®) sy =1( I »*) = 1 16°).

pe|n p*|n

(Here p*||n means that p® divides n, but p®*! does not.) Let a be a fixed
complex number, and define I;(n) = n® for each n > 1; clearly I, is a multi-
plicative function. It is also a totally (or completely) multiplicative function: f
is such a function if f(mn) = f(m)f(n) for all m,n € N. The divisor function
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d defined by d(n) = Zdln 1 is multiplicative, but not totally multiplicative.
The functions d and o are particular cases of the more general multiplicative
function g4(n) = 34, d°, where a is a fixed complex number. Since o, is
multiplicative, we obtain from (6) that

os(n) = H (1+p° +p2a+...+paa)’
p*|n
which in the case a = 0 yields a neat formula for the divisor function, namely
d(n) = l-[p°||n(a + 1)’
If we denote by A the set of all arithmetical functions f such that f(1) #0
and by M its subset of multiplicative functions, it can be shown that M is a
subgroup of A with respect to the Dirichlet convolution *:

(f+9)(n) = 3 f(d)g(n/d).

din

One easily verifies that (A,*) and (M,*) are abelian groups, the identity
element being the function E defined as E(1) = 1 and E(n) =0 if n > 1.
Here d = 1*1 and 0 = 1 I, with I = I; and 1(n) = 1 for all n. The Moebius
function u, defined by

1 ifn=1,
un)=< 0 if n is divisible by a square > 1,
(—1)" if n is the product of r distinct primes,

plays a central role in the group A: Indeed u * 1 = E and hence u~! = 1;
this means that if f = 1 % g, or equivalently if f(n) = Edln 9(d), then g =
p* f, that is g(n) = 3 4, u(n/d)f(d). This last formula is known as the
Moebius inversion formula and is used in deriving various identities involving
arithmetical functions. The function u is also an important actor in the play
of sieve methods (see Halberstam and Richert [21]).

Of major interest in number theory is the Euler totient function ¢ defined
by ¢(n) = #{m < n: (m,n) = 1}. One can prove that ¢ € M and that

¢(n)=n][(1-1/p)=n)_ u(d)/d.
p|n din
Therefore ¢ = u * I. Multiplying both sides by the function 1 yields the
relation ¢ x 1 = I or equivalently 3, #(d) = n, a very useful identity. The
important congruence a®(™) = 1 (modm), where a,m € N and (a,m) = 1,
was discovered by Euler some 250 years ago. In the late seventies, this appar-
ently simple result allowed mathematicians to build a code which is almost
impossible to break even though the key is made public (see for instance
Rivest, Shamir and Adleman [41]}).
A further generalization of the divisor function is the following: for a fixed
k € N, let dx(n) denote the number of representations of n as a product of k
positive integers. Clearly d(n) = dz(n). Moreover

7N dg=1%---%1,
the product being taken k times. This function is studied in §§4 and 5.






