248 BOOK REVIEWS

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 18, Number 2, April 1988

©1988 American Mathematical Society
0273-0979/88 $1.00 + $.25 per page

Global stability of dynamical systems, by Michael Shub, with the collabora-
tion of Albert Fathi and Remi Langevin; translated by Joseph Christy.
Springer-Verlag, New York, Berlin, Heidelberg, London, Paris, Tokyo, xii
+ 150 pp., $32.00. ISBN 0-387-96295-6

In 1967 Smale wrote an important survey article [1]! outlining a program
for the study of smooth dynamical systems on manifolds. The program has
had both widespread influence and some important successes. In this review,
I shall try to present a rough idea of the program in order to show how the
book under review fits in.

To begin with let us recall that Smale won the Fields medal for proving
the Poincaré conjecture in dimensions greater than 5. The technique he used
was that of Morse theory, where one takes a function defined on a manifold
M and analyzes the topology of the manifold using the gradient flow of this
function. Roughly speaking, one has a decomposition of the manifold as a
union of unstable manifolds W*(p) where p ranges over the critical points of
the function and W*(p) is the unstable manifold of the critical point p:

M= w(p),
peEN
where
QN ={pe M: f'(p) = p for all t}
and

W'p) ={z€M: lim d(f'(z),f*(p) =0}

with f? the flow and d a suitable metric on the manifold M. After this
spectacular success he set about studying the dynamical system for its own
sake rather than as a tool to get at the topology of M. Of course, he knew
that the above decomposition would be tractable only if the gradient function
satisfied some nondegeneracy conditions (for example that its critical points be
nondegenerate) and so quite naturally, he wanted to first study the “generic”
case.

Now of course any vector field (i.e., ordinary differential equation) on M
will give a flow, but it is easy to see that in general we don’t have such
a simple decomposition. The reason is that (nongradient) vector fields can
have periodic orbits and no two distinct points in the same periodic orbit can
lie in the same unstable manifold. Smale was led to conjecture that suitable
nondegeneracy hypotheses would lead to a decomposition

(¥) M= Jw"()

1The interested reader should study the reprint [2] of Smale’s paper rather than the
original version since the reprint corrects some errors and includes an appendix which
describes subsequent work in the area.






