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IS OUR MATHEMATICS NATURAL?
THE CASE OF EQUILIBRIUM STATISTICAL MECHANICS

DAVID RUELLE

ABSTRACT. Is human 20th-century mathematics a natural or an arbi-
trary logical construct? Some insight into this ill-posed but fascinating
question is gained from the study of mathematical physics. A number
of ideas introduced by physical rather than mathematical necessity turn
out later to be mathematically useful. (Equilibrium statistical mechan-
ics has been a particularly rich source of such ideas.) In view of this the
author argues that our mathematics may be much more arbitrary than
we usually like to think.

1. Is our mathematics natural? The story goes that, when he reached
heaven, Wolfgang Pauli requested to see his Creator, and asked Him to explain
why the fine structure constant of electrodynamics has the value o =~ 1/137.
The Almighty went to the blackboard, and was busy writing formulae for a
couple of hours. During that time Pauli sat, shaking his head and not saying
a word. When finally the answer came: a~! = 137.0359..., Pauli stood up,
still shaking his head, took the chalk and pointed to an essential flaw in the
calculation. I heard the story from Res Jost, and I wouldn’t bet that it is
completely authentic. Anyway, I think that many of us would like to ask
some questions about physics and mathematics of Him who knows—when the
opportunity arises. There are a number of obvious questions. For instance,
about the consistency of mathematics: has He perhaps set up things, as Pierre
Cartier suggests [1], so that the axioms of set theory are inconsistent, but a
proof of contradiction would be so long that it could not be performed in our
physical universe? Is this universe of ours the best of all possible worlds? Is it
the only one of its kind, or could the fine structure constant be different from
what it is? What kind of mathematics could be developed by intelligent beings
living on a distant planet? Or in another universe with different physical laws?

Henri Poincaré once remarked that, for a question to make sense, one
should be able to conceive of an answer which makes sense. This is not
necessarily the case for the problems stated above. In fact, the problems
which interest us most are often not easy to formulate satisfactorily. As a
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consequence we usually settle for less, studying questions which make good
sense mathematically, but may be philosophically somewhat futile.

In this Gibbs Lecture I would like to address a modest aspect of an am-
bitious question. Here is the ambitious question: How natural i3 our human
20th-century mathematics? 1 am willing to define mathematics as a logical
construct based on the axioms of set theory. The question is: how much does
the existing construct depend on human nature and condition? Those human
contingencies and historical accidents should not change the truth value of
theorems, but might dramatically influence the course taken by mathemati-
cal research, and the organization of the results obtained. I have stated the
problem of the naturality of our mathematics in its ambitious generality, but
I shall in fact restrict myself to a rather modest aspect of it. Before get-
ting modest, however, let me make the bold suggestion that perhaps in a few
decades we shall see what nonhuman mathematics looks like. I am not pre-
dicting the imminent arrival of little green men from outer space, but simply
the invasion of mathematics by computers. Since the human brain is a sort of
natural computer, I see no reason why the artificial variety could not perform
better in the specialized task of doing mathematical research. My guess is
that, within fifty or a hundred years (or it might be one hundred and fifty)
computers will successfully compete with the human brain in doing mathe-
matics, and that their mathematical style will be rather different from ours.
Fairly long computational verifications (numerical or combinatorial) will not
bother them at all, and this should lead not just to different sorts of proofs,
but more importantly to different sorts of theorems being proved.

Be that as it may, I shall now return to human mathematics. Histori-
cally, the investigation of the physical universe in which we live has been
all-important in the shaping of our mathematics. Geometry comes from the
study of physical space, differential equations are linked with mechanics, and
so on. But it is also clear that 20th-century mathematics now largely produces
its own problems, and that physics is only a secondary source of inspiration.
Bourbaki’s dream, and that of several generations of mathematicians, has
been to find the natural structures of analysis and to develop them for their
own merit. One can probably say that this dream has been the most powerful
and fruitful source of inspiration for 20th-century mathematics. The role of
physics, and now computer sciences, has been important but less central. One
may thus feel that our mathematics has a rather natural central core, even
though important branches may be influenced or motivated by applications to
physics or computing. The many observed relations between different fields of
mathematics support the idea of a natural central core. Little green men from
outer space would have a similar central core for their mathematics; maybe
it would be presented quite differently, but in their own language they would
have a theorem saying that the image of a compact set by a continuous map
is compact.

It is this confidence about the natural central core of mathematics which I
would like to question in this lecture. My guess is that the central core of our
mathematics and that of the little green men from outer space may not have
much in common. We have confidence in the naturality of our mathematics
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because of its unity: many relations are observed between different fields.
But it is not the unity of mathematics which is doubted: the mathematics of
little green men may have many relations with ours, even though it would not
have much in common. To use a pedantic geometric image, think of different
mathematical fields as marbles (of the same diameter to simplify things). We
may have an arbitrarily large number of them with all pairs touching (provided
we are in a space of sufficiently large dimension). It is thus not difficult to
imagine our many marbles and their many green marbles all close together,
yet completely disjoint.

Fine!l—you may say—but how can one argue that our mathematics is not
natural, without invoking computers of the future or little green men from
outer space? What I would like to do is to appeal to mathematical physics.
More precisely, I shall look for examples of mathematical ideas of physical
origin which turn out to be mathematically natural and useful, although one
would not have come to them easily if they had not been given to us, so to
say, from outside. I claim that equilibrium statistical mechanics provides such
examples.

But before I try to prove this fairly modest claim, I have to explain what
mathematical ideas of physical origin are supposed to be. Understanding the
universe in terms of mathematical constructs or laws is not a simple affair.
Obviously, the laws of physics are not decreed arbitrarily by man; neither are
they proclaimed unambiguously by Nature itself. In fact, it remains a mystery
why Nature can be so well described by mathematical constructs (see Eugene
Wigner’s beautiful paper on The unreasonable effectiveness of mathematics
in the natural sciences [2]). We shall not concern ourselves with this mystery,
or discuss the epistemology of physics. All that will matter for us is that in
some branches of physics—notably equilibrium statistical mechanics—some
deep mathematical concepts arise which have been forced on us by the study
of the laws of physics. It would have taken a very long time to reach these
concepts in a mathematical study uninfluenced by physics.

2. Equilibrium statistical mechanics as a source of mathemat-
ical concepts. Mathematical physics consists of the analysis of particular
mathematical idealizations for different classes of natural phenomena. In the
worst cases this gives rise to a fragmented multitude of little mathematical
problems of no particular interest. Often enough, though, the little problems
beg for insertion into a wider theory, and this process of aggregation leads to
a new mathematical field where the concepts are supplied by physics—often
with compelling mathematical necessity.

A fact which is, at first sight, rather astonishing, is that the aggregation
process just mentioned may unite unrelated areas of physics. Part of the
explanation for this is sociological, and rests on the existence of a community
of mathematical physicists. But another—essential—reason why the same
new ideas serve to organize unrelated fields of physics is that these ideas are
mathematically natural.

For instance, in recent years, the ideas and methods of equilibrium statisti-
cal mechanics have invaded relativistic quantum field theory to the extent of






