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AN INVARIANT APPROACH TO THE THEORY
OF LOGARITHMIC KODAIRA DIMENSION
OF ALGEBRAIC VARIETIES

ZHAOHUA LUO

Let V be an algebraic variety defined over a field k. If K is the rational
function field of V, then V is called a model of K/k, and the local ring of a
point of V is a locality of V. Let L(K/k) be the set of discrete valuation rings
of K/k. Define

L(V) = {R € L(K/k) | R dominates a locality of V},
L(V) ={R € L(K/k) | R is a locality of the normalization V" of V'}.

If V' is another model of K/k and L(V) = L(V'), then we say that V and
V' are proper birationally equivalent. The logarithmic Kodaira dimension
k(V') of V introduced by Iitaka (see [1]) is one of the most important proper
birational invariants of V. Iitaka’s treatment requires Hironaka’s theory of
resolution of singularities, and therefore at present does not apply to the cases
of positive characteristics. In this note we shall describe a simple invariant
approach to the theory of logarithmic Kodaira dimension of algebraic varieties
defined over an arbitrary base field.
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1. A divisor of K/k is by definition a map w: L(K/k) — Z U {+oo} such
that w=1(Z — {0}) N L(V) is a finite set for one (therefore for any) model V of
K /k; w is called absolute if w(L(K/k)) C Z; it is called effective (denoted by
w > 0) if w(R) > 0 for all R € L(K/k). For any u € K we define the principal
divisor (u)k/kx of K/k by (u)k/k(R) = vr(u) for all R € L(K/k), where vg
is the normalized discrete valuation of K/k determined by R € L(K/k).
The divisors of K/k form an abelian semigroup under pointwise addition.
Two divisors w and w’ of K/k are linearly equivalent (notation: w ~ w’) if
w = w' + (u) g/ for some u € K.

Let V be a model of K/k. We define two divisors Sy and Ty of L(K/k)
by the following rules:

Sy(R)=0 for Re L(V), Ty(R)=0  for Re L(V),
{ Sy(R)=+1 for R¢ L(V) { Ty (R) = +oo for R ¢ L(V).
If w is a divisor of K/k we define
Wy =w+ Sy, wy =w+Ty.
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