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Regular variation can be seen initially as an attempt to define the derivative 
of a real function <\> at infinity. Write the differential quotient {<j>{t + h) — 
</>(t)}/h for h j=- 0. Now instead of keeping t fixed and letting h —* 0, we keep 
h fixed and let t —* oo. If 0 is (Borel-) measurable and the limit exists for all 
h ^ 0, then this limit does not depend on h (since the limit of </>(t + h) — <t>{t) 
satisfies Cauchy's functional equation). Moreover there exists a differentiable 
function <f>o such that </>o{t) — </>{t) —• 0 (t —• oo) and 

lim m = lim *(«+*)-««). 

If ƒ := expo^olog, then ƒ : R+ —• R+ is measurable and the property above 
translates into 

(1) lim 4 ? ^ = *° for all x > 0; 
v y t -oo ƒ(*) 
here a is a real parameter. This is the definition of regular variation. 

It turns out that many properties that hold identically for power func­
tions, hold asymptotically for functions of regular variation. For example the 
relation 

(2) 
lim - L f f(s)ds= lim f tt^-dx 
t-+ootf{t)J0 *-ooy0 f(t) 

= f1 lim !&&dx= f'x^dx^^— 
Jo *-«> ƒ(*) Jo 1 + of 

holds whenever the integrals are finite. In fact relation (2) characterizes reg­
ular variation (except for the integrability), i.e., a regularly varying function 
is precisely a function that is asymptotically of the same order as its aver­
age. Relation (2) suggests that there should be some automatic uniformity 
in relation (1) and indeed this is true on compact ^-subsets of (0, oo). The 
second equality in (2) also holds with the integration interval [0,1] replaced 
by [l,oo). A generalization of both is 
{ 3 ) 

lim TTTvT f°° Hx/t)f(x) dx = lim ƒ fc(x)4^r dx = f°° k(x)xa dx. 
t-*oo *ƒ(*)/o * - W o /(*) Jo 
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This holds under certain conditions on the kernel, e.g., for k(x) = e~x (Laplace 
t ransform), provided the integrals exist, and it leads to the s ta tement t ha t a 
regularly varying function is precisely a function t ha t is asymptotically (for 
t —• oo) of the same order as its Laplace transform (for 11 0). It is clear t ha t 
such a s ta tement is useful in the many si tuations where the original function 
cannot be calculated explicitly bu t the Laplace transform can. 

Most of the results mentioned so far are basically due to J. K a r a m a t a in a 
series of papers in 1930-1933. Some other contr ibutors to the theory before 
1970 are: S. Aljancic, R. Bojanic (part ly publishing in Serbian), N. G. de 
Bruijn, E. E. Kohlbecker and W. Matuszewska. 

An interesting application of this theory in probabili ty theory and a source 
of new problems became available a round 1940 when the convergence of par­
tial sums of independent r andom variables towards stable laws (W. Doeblin) 
and the convergence of par t ia l max ima of independent r andom variables to­
wards extreme-value distr ibutions (B. V. Gnedenko) were characterized. In 
b o t h problems regular variat ion of the tail of the probabili ty distr ibution is 
necessary and sufficient for convergence in most cases. The connection with 
K a r a m a t a ' s theory, however, was made much later, essentially with the pub­
lication of W. Feller's well-known book on probabil i ty theory (1966). 

An ex t ra complication occurring in the theory of stable laws (namely when 
the main pa ramete r is one) and in the theory of extreme value distr ibutions 
(namely in connection wi th the double exponential distr ibution) gave rise to 
the following generalization of the definition of regular variation: there are 
real functions a > 0 and b such t h a t 

(4) h m M ; K) =:xP(x) 
t-*oo a(t) 

exists for all x > 0. If ƒ is measurable , one can prove t ha t ip is necessarily of 
the form 

x1 — 1 
il>(x) = 

7 
for some 7 € R . Moreover, if (4) holds wi th 7 > 0, then ƒ is regularly varying 
(and the other way around) and if (4) holds wi th 7 < 0, then limt-K» ƒ (x) = : 
ƒ(00) exists and the function ƒ(00) — fix) is regularly varying. (Here also 
the converse s ta tement is t rue as well.) The only novelty is the case 7 = 
0 when the r ight-hand side of (4) should be read as logx . For this class 
of functions analogues of all previously mentioned s ta tements on regularly 
varying functions hold. 

Another useful generalization of regular variation is obtained for example 
by requiring t h a t ƒ : R + —• R + is measurable and by replacing (1) wi th 

(5) h m sup—T7~ < 00 
t-KX> J{t) 

for all x > 0. 
I ment ion some simple (nonrepresentative bu t easily unders tood) applica­

tions of regularly varying functions. 


