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As is well known, a problem is said to be well-posed in the sense of
Hadamard when a unique solution exists and depends continuously upon the
data. The definition is made precise by stipulating not only the function
spaces in which the solution and data are to lie but also the measures and
notion of continuity. A problem that is not well-posed is said to be ill-posed.

Although nineteenth-century mathematicians contributed to the early
study of ill-posed problems, it is generally agreed that the subject came to
prominence only after Hadamard had formulated his well-known definition.
Unfortunately, he developed an adverse view of the subject which, on becom-
ing widely accepted, had the effect of inhibiting further study. His objections
were grounded in his celebrated counterexample of the Cauchy problem for
Laplace’s equation. In order for there to be global existence of the solution
Hadamard demonstrated that the Cauchy data must satisfy a certain compat-
ibility relation but even in the unlikely event of the relation being satisfied he
further showed that the solution in general does not depend continuously on
the data. Such behaviour convinced Hadamard that ill-posed problems lacked
physical relevance and hence should be ignored. This became the prevailing
attitude, and consequently, in partial differential equations at least, activity
became confined to the standard initial boundary value problems. It was only
the growing insistence for a precise theoretical understanding from the applied
sciences, principally geophysics and computing, that rekindled mathematical
interest.

It is worth considering briefly why ill-posed problems are of practical impor-
tance and hence merit detailed study. Take, for example, the simple Dirichlet
problem for a linear elliptic homogeneous differential equation. Conditions
are known guaranteeing that the solution exists, is unique and depends con-
tinuously upon the Dirichlet data, i.e., the problem is well-posed. These
conditions include the requirement that the solution be specified in a suitable
sense at all points of the boundary of the region of definition. Yet, rarely,
if ever, can this specification be completely achieved in practice. Measuring
devices record only approximate values and in any case are able to measure
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data only at a discrete number of points and not over the entire boundary as
demanded by the mathematical theory. The solution is therefore not uniquely
determined by the measured values of the data and consequently cannot de-
pend continuously on them. Thus, when subjected to the limitations of the
measuring device, even standard problems in differential equations are liable
to be ill-posed.

There are, of course, many other examples of ill-posed problems. In differ-
ential equations the most frequently cited include not only the Cauchy prob-
lem for Laplace’s equation but also the backward heat equation, the Dirichlet
problem for the wave equation, and the wave and parabolic equations subject
to data on time-like regions. Lest these be seen as somewhat contrived, it
must be emphasised that they all serve as models for practical problems. For
instance, the Cauchy problem for Laplace’s equation corresponds to the sit-
uation, encountered in geophysics, surveying and mineral prospecting, where
only part of the boundary is accessible for the measurement of data, but over
which an abundance of data can be collected. Further examples arise from
inaccuracies in the measurement of the geometry of the region of definition
and also the value of the operator. Again, the coefficients themselves in the
differential equations and boundary operators are part of the data and as such
are also subject to measurement errors. Lack of precision in determining the
coefficients casts doubt on the validity of supposing that an equation is of
definite type, so that, strictly speaking, a comprehensive theory of ill-posed
problems should also include differential equations of indefinite type.

Ill-posed problems also occur in many other branches of mathematics, el-
ementary examples being the Fredholm integral equation of the first kind,
analytic continuation of a function, determination of the derivative of a func-
tion that is only approximately specified, and a singular linear system of alge-
braic equations. A further important class concerns inverse problems where
it is typically required to determine the coefficients of an equation from a
knowledge of certain functionals of the solution. A well-known example is the
one-dimensional inverse Sturm-Liouville problem, in which the value of the
ordinary differential operator is to be determined from the spectral function
of the solution. Other examples arise in inverse scattering theory, while of
increasing significance are problems with free boundaries.

Reference has already been made to one practical situation producing an
ill-posed problem. Others are found in a wide range of disciplines includ-
ing medicine, continuum mechanics, control theory, nondestructive testing of
materials, and meteorology. Indeed, given our previous remarks it can be
argued with only slight exaggeration that most problems arising in practice
are inevitably ill-posed. (Additional examples of ill-posed problems and the
contexts in which they arise are described in the expository survey by Payne
[3]; see also Tikhonov and Arsenin [5] and the opening chapter of the book
under review.)

A common feature of many ill-posed problems is that the solution possesses
the kind of instability exhibited in Hadamard’s original counterexample. The
aim is therefore to establish conditions under which the problem may be
stabilised and continuous dependence on the data, and hence uniqueness,
thereby recovered. Generally speaking, this is achieved by following two ideas
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first introduced by Pucci and F. John. The first is to impose a suitable
constraint on the class of admissible solutions, such as requiring them to be
bounded in norm. The second is to relax the notion of continuity employed
to that of, say, either Holder or logarithmic continuity.

Since the 1950s a vast literature has been devoted to these questions. At
first, major concern was with uniqueness, but then attention became increas-
ingly concentrated on the construction of methods yielding continuous depen-
dence. There is now available a large variety of such methods, including those
based upon eigenfunction expansions, function-theoretic methods, logarith-
mic convexity and similar arguments, weighted energy, the Lagrange identity,
comparison arguments, and convergent integrals. Since the error in the data
may not necessarily be deterministic, other methods have also been developed
which are probabilistic in nature. A good account of most of the techniques
employed may be found in Payne [3]; see also Straughan [4]. However, it
is not yet entirely clear what particular approach is best suited to a given
class of problems. For instance, the technique based upon the Lagrange iden-
tity appears limited to first- and second-order linear autonomous self-adjoint
differential equations, whereas methods involving logarithmic convexity or re-
lated arguments may be applied to more general classes of equations. Both
approaches yield continuous dependence in the sense of Holder, but in those
cases where they both apply, the one based upon the Lagrange identity often
requires less stringent hypotheses on the data and regularity of the solution.
Nevertheless, as the various techniques become further refined the distinc-
tion between them appears to be becoming increasingly blurred, suggesting
perhaps that there should be renewed effort to fully understand the basic
structure not only of the techniques themselves, but also of the fundamental
theory of ill-posed problems. Naturally, elements of an abstract theory have
been known for some time. For instance, Tikhonov has shown that a large
class of ill-posed problems satisfy a modified definition of well-posedness in
which existence and uniqueness are assumed, but in which continuous depen-
dence is required to hold only on some subspace, usually taken to be compact.
The latter condition corresponds to the constraint which, as described ear-
lier, is imposed when stabilising the problem, while the abstract notion of
continuity incorporates the relaxation of the continuity concept.

Much of the work undertaken in ill-posed problems has been stimulated
by demands arising from the numerical evaluation of solutions where it is
vital to have conditions guaranteeing continuous dependence of the solution
on the data or input. The essential finite-dimensional nature of all numerical
schemes combined with unavoidable rounding errors associated with hardware
means that many of the difficulties common to ill-posed problems are quickly
encountered in computation. Their resolution has greatly contributed to the
general advance of the subject as a whole.

So far, we have not mentioned the question of existence, which has been
less extensively studied than either uniqueness or continuous dependence. It
is characteristic of ill-posed problems, and especially of those connected with
the Cauchy problem for differential equations, that a solution will not exist
globally even for arbitrary smooth data. Thus, work in this area has centred
largely on the notion of “best-approximate” solution in the sense that there






