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The Navier-Stokes equations are the fundamental equations governing the
motion of viscous fluid. Among the versions of these equations, we consider
here the nonstationary Navier-Stokes equations for viscous incompresstble
fluid. The system of equations is a nonlinear parabolic equation. A fun-
damental analytic question would be whether or not a unique regular solution
exists for all time for given initial data. This problem was first attacked by
Leray more than 50 years ago. It turns out that the situation is quite differ-
ent depending on the space dimension of the domain {2 occupied with fluid
where the unknown functions are defined. When the space dimension is two, a
unique regular solution exists for all time provided that the initial data satisfy
a compatibility condition and have finite energy. However, when the space
dimension is three, the problem is still fundamentally open. We do not know
in general whether a regular solution exists for all time even if the initial data
are smooth and the domain {2 has no boundary.

In his famous pioneering paper published in Acta Mathematica in 1934,
Leray studied the nonstationary Navier-Stokes equations on the three dimen-
sional Euclidean space R3. He showed:

I existence of a global-in-time weak solution

satisfying the energy inequality,
and studied its regularity. Once such a weak solution was shown to be regular,
the problem could be solved. This method is by now well known especially
for solving variational problems. Let us briefly review his idea for studying
regularity of his weak solution. He showed:
(I existence of a unique local-in-time regular

solution with nonregular initial data.
At almost all times ¢, the weak solution is in LP(2) (2 < p < 6) but this does

not directly imply that the weak solution is smooth at to. (II) gives a local
regular solution starting from time ¢op which is initially, the same as the value






