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It is well known that the parametrix of an elliptic differential operator on 
a manifold without boundary will be a pseudodifferential operator. When 
one considers an elliptic boundary value problem the parametrix certainly 
contains a pseudodifferential operator in the domain, but other terms arise 
because of the presence of the boundary. In the case of manifolds without 
boundary it is useful to consider an algebra of pseudodifferential operators 
that contain both the elliptic differential operators and their parametrices. 
The study of the index of an elliptic operator is one of the applications of 
such algebra. 

Analogously one may try to construct an algebra of operators on a manifold 
with boundary that contains both elliptic boundary value problems and their 
parametrices. The first question to answer is the following: how to define 
a Fredholm boundary value problem for a pseudodifferential operator on a 
manifold with a boundary? 

Consider first an elliptic boundary value problem in the domain O c R n : 

(1) L{x,D)u = f, xeQ, 

(2) pdnB(x,D)u = g, 

where pan is the restriction operator to dQ, and L(x,D),B(x,D) are, in 
general, matrices of differential operators. "Freeze" the coefficients of (1), 
(2) at an arbitrary point x' € dfi, introduce a system of coordinates in a 
neighbourhood of x' such that the equation of dQ will be xn = 0, and, ignoring 
the dependency of coefficients on x', take the Fourier transform in variables 
tangential to dQ. Then one can associate with (1), (2) a family of boundary 
value problems for ordinary differential equations on the half-line 

(1') £o(y,0, Dn)v(xn) = fo(xn), 0<xn< -hoo, 

(2') B0{y, xn, Dn)v(xn)\Xn=o = g0, 

where y = ( x ' , 0 € T*(3fl), |£'| = 1, and L0{y,xn,Çn), B0(y,xn,£n) are 
symbols of the principal parts of L, B written in coordinates (z', xn). T* (dQ) 
is the cotangent bundle of dQ. The investigation of (1'), (2') is the crucial 
step in the study of boundary value problem (1), (2). Note that (1') defines 
a Fredholm operator from HS(R+) to Hs-2m0^\)^ where 2m is the order of 
Lo and iJ5(R+) is the Sobolev space in R+. This Fredholm operator has no 
cokernel and the dimension of its kernel is exactly the number of boundary 
conditions (2'). Indeed the role of the boundary conditions (2) is to "kill" the 
kernel of (1'). 

Consider now a pseudodifferential equation in Q C R n : 

(3) pnA(x,D)u0 = ƒ, 
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where A(x,D) is a pseudodifferential operator in R n , suppt*0 C Q and pn is 
the restriction operator to Q. Analogously to (1') one can associate with (3) 
a family of pseudodifferential operators on the half-line: 

(3') A0(y, 0, Dn)v0 = fo(xn), 0 < xn < +oo, 

y = (x',£') G T*(dQ), Ao{y,xn,£n) is the principal symbol of A(x,D) in 
(x',xn) coordinates, x' G fi, |£'| = 1, and xn G R+. Assume that VQ G 
i f ^ R 1 ) for some s, where HS(1R}) is the subspace of the Sobolev space 
H s (R1 ) consisting of functions with supports in R+. It can be proven that 
for all s G R 1 except a discrete set ]CA( X ' ) depending on the point x' G dû, 
the equations (3') define a Fredholm operator s/y acting from U ^ R 1 ) to 
iys_a(R^j_), where a is the order of AQ. This operator has in general a co-
kernel as well as a kernel and the dimension of the kernel and of the cokernel 
may depend on y G T*{dQ). In order to "kill" the kernel of sfy one should 
supplement (3) with some boundary conditions as (2). In order to "kill" the 
cokernel one can add to (3) coboundary operators Kp acting from the space of 
functions on the boundary dQ to the space of functions in Q. Such operators 
are also called Poisson operators and they have the form 

(4) Kp = pQK(x, D)(p{x') ® fi(xn)), 

where K(x,D) are pseudodifferential operators in R n , 6(xn) is the delta-
function, and p{x') is a function on dQ. The Fredholm problem for the pseu
dodifferential operator A(x, D) will have the form 

(5) Pn{A{x, D)u0 + K{x, D)(p{x') <g> 6{xn))) = ƒ (re), 

(6) PdnB{x, D)u0 + E{x', D')p(x') = g{x'), 

where A, K, B are pseudodifferential operators in R n and E(x'', D') are pseu
dodifferential operators on dQ. Here ƒ, g are known functions and uo,p are 
unknown. Formulation of a problem of form (5), (6) and the conditions for 
which such a problem is Fredholm were established in [V-El, V-E2] (see also 
[El]). In particular it was shown that a Fredholm problem of form (5), (6) 
exists iff the index of the family of Fredholm operators (3') is a trivial element 
of K(S* {dQ)) (see [Al] for the definition of the index of a family of Fredholm 
operators). 

Note that even when ƒ G C°°(n), the solution uo G H3(Q) of equation (3) 
has singularities on dQ. 

Independently in [V-El] and [BdMl], a class of symbols A(x, £) was de
scribed such that any solution uo G L,2{Q) with ƒ G C°°(Q) belongs to C°°(Q). 
This class of operators was called 'smooth' in [V-El] and was said to 'have the 
transmission property' in [BdMl]. For example all differential operators or 
operators with even symbols (i.e., A(x, f ) = A(x, —£)) have the transmission 
property. Assume that (3) A(x, f ) is an elliptic symbol having the transmis
sion property. Without loss of generality one can assume also that the degree 
of A(x, £) is zero and uo(x) G £2(^)5 ie., 5 = 0. The transmission property 
implies that Ao(2/,0, -hi) = Ao(2/,0, -1 ) , where Ao(y,0, £n) is the same as in 
(3'). Then one can show that 

(7) 6+A0(y, 0, Dn) . fl+A^1 (y, 0, Dn) = I + T(y), 
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where 0+(xn) = 1 for xn > 0, 0~*~(xn) = 0 for xn < 0, ƒ is the identity operator 
in 1,2 (R4), and T(y) is a Hilbert-Schmidt operator 

/»oo 

(8) T{y)v(xn) = / T(y, xn , t)v{t) dt, 0 < xn < +oo. 
Jo 

Moreover the operators 

(9) 0+Ao(y,O,Dn) + G(y), 

where G(y) is a Hilbert-Schmidt operator as in (8), form an algebra. Starting 
from the algebra (9) Boutet de Monvel [BdM2] considered a wider class of 
boundary problems than (5), (6). They have the form 

(10) pQ(A(x,D)u0 + Guo + K(x,D)(p(x') ® 6(xn))) = /(x), 
(11) PdnB{x, D)u0 + E{x\ D')p{x') = g{x'). 

The new term G is called the singular Green operator. After "freezing" 
coefficients and performing the Fourier transform in tangential variables the 
Green operator has form (8). Boutet de Monvel proved that operators (10), 
(11) form an algebra, in particular the parametria for the Fredholm problem 
(10), (11) also has such form. The parametrix for (5), (6) when A(x, £) does 
not have the transmission property, was constructed in [E2]. In the case when 
A(x, £) has the transmission property this parametrix has form (10), (11) with 
G such that the corresponding Hilbert-Schmidt operator G(y) has a finite 
rank. Note that when the transmission property does not hold the operators 
0+Ao(2/,O, Dn) + G(y) do not form an algebra. An algebra containing 0+Ao 
was constructed in [El] and it has the form 

(12) 0+(Ao(yADn) + xM) + G(y), 

where xixn) € C^ÇR,1), x = 1 in a neighbourhood of xn = 0 and, M is the 
so-called Mellin operator. A similar algebra in different terms was described 
independently by Cordes [Cl]. Rempel and Schulze in [R-Sl] applied the 
Boutet de Monvel construction to the algebra (12) instead of (9) to obtain 
another form of parametrix in the case when the transmission property is not 
satisfied. 

The book under review is devoted to further development of Boutet de 
Monvel's calculus of boundary problems for pseudodifferential operators hav
ing the transmission property. It starts with a survey of boundary problems 
(10), (11) including precise descriptions of Green and Poisson operators. The 
main part of the book is a detailed study of parameter-dependent pseudodiffer
ential operators and boundary value problems. This leads to the parametrix 
construction for parameter-dependent boundary value problems and its ap
plication to the study of the resolvent. The book concludes with various ap
plications: parabolic equations, including heat kernel asymptotics, the index 
formula for elliptic boundary value problems, complex powers of the operators 
discussed, spectral asymptotics and singular perturbation problems. Most of 
the book is based on results of the author, but references and descriptions of 
related works are also given. The book is well written and it will certainly be 
useful for everyone interested in boundary value problems and spectral theory. 
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The early fifties, marked by the publication of the book Applications of 
functional analysis in mathematical physics by Sergej L. Sobolev in 1950 (see 
[1]), can be considered the beginnings of a systematical study of function 
spaces, which soon obtained the name of Sobolev spaces. Of course, the foun
dations of this research had been laid by Sobolev as early as in the thirties 
by his three papers that appeared in the years 1935-1938. In 1939 Sobolev 
became the youngest member of the Soviet Academy of Sciences at the age 
of 31. His approach during this period, which involved among other things 
the foundations of the theory of distributions, can be seen in his book [2] 
published in 1974. It is not my intention to incite discussions on the question 
of priority: as is quite frequent in mathematics, there were other mathemati
cians reflecting on similar problems (J. W. Calkin, Ch. B. Morrey, Jr.), and 
even the Dirichlet integral can be considered a basis for the theory of Sobolev 
spaces. 

It was discovered that the Sobolev spaces form a very useful tool for in
troducing modern methods of solution of partial differential equations. Their 
stormy development was not restricted to the country of their origin (some 
generalizations and new views of these spaces can be found, e.g., in the books 
[3, 4] by S. M. Nikol'skij and his colleagues): monographs devoted to the 
theory of Sobolev spaces appeared also outside the Soviet Union. At first, the 


