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and implications of the obstruction are rapidly giving rise to entirely new lines 
of research. This was already outlined by Almeida and Molino [3] and, quite 
recently, confirmed by Weinstein [10]. The publication of the book is therefore 
very opportune and timely. 
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Inverse spectral theory, by Jürgen Pöschel and Eugene Trubowitz. Academic 
Press, Orlando, 1987, x + 192 pp., $29.95. ISBN 0-12-563040-9 

Inverse spectral theory and its close relative inverse scattering theory form 
an active branch of mathematics. The basic question addressed is: given 
certain data of spectral or scattering type, can one deduce what the underlying 
operator which governs the process is? Most commonly this becomes the 
question of determining an unknown coefficient function in operators of a 
given form. The unknown might be a potential or a mass distribution or even 
the shape of a scattering obstacle. Such problems are notoriously hard. They 
are sometimes ill-posed and the solutions may not be unique. Typically the 
problem has two parts: (I) to characterize the set of data which might arise 
from a given class of operators and (II) to find which coefficients give rise to 
a particular admissible data point. 
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The volume under review, Inverse spectral theory by J. Pöschel and 
E. Trubowitz, gives a complete solution to the inverse problem for the regular 
Sturm-Liouville operator on an interval with Dirichlet boundary conditions. 
This means that for the class of ordinary differential operators —d2/dx2 +q(x) 
on [0,1] with zero boundary conditions at each end-point, one may charac­
terize the possible eigenvalues ii\ < Vi < ' * * a n d also exhibit unknowns q(x) 
which give rise to an admissible sequence {jUy}. These results are quite explicit 
and beautiful. Many of the basic ideas are readily accessible to nonexperts, 
as will be apparent below. Despite its marketable title, Inverse spectral theory 
restricts itself to the inverse spectral problem for the Sturm-Liouville operator 
with zero boundary conditions. Rather than surveying the broader subject 
area, which would require a book or more, this review will follow suit and 
restrict itself to the material covered by Pöschel and Trubowitz. 

The complete solution of the inverse problem described above yields a sys­
tem of global coordinates on L2[0,1]. These are the eigenvalues {/J,n} and 
certain other numbers {KU} described below. The level sets of the spectrum 
Mi < A*2 < * * * form a submanifold of L2 with a unique point p(x) which is 
even (p(l — x) = p(z)), corresponding to Kn = 0, n = 1,2, 

Three important ingredients in the solution of the inverse problem are de­
scribed below. The first is the characterization of the spectrum. The second is 
the calculation of the way in which the eigenvalues /xn vary with the potential 
q(x). The third is the existence of Darboux transformations which change 
q(x) without changing //n and other mappings which move a single eigenvalue 
while fixing all the KJ and the other jij. All of these results are remarkably 
explicit. 

The sequence {fij} will be the eigenvalues of a Sturm-Liouville operator 
with zero boundary conditions only if the asymptotic distribution ftj ~ j2H2 

holds. This follows from the behavior of the solution of the initial value 
problem y(0,A) = 0, 2/'(0,A) = 1, -y" + qy = \y. As |A| - • oo, y(x,\) 
approaches the solution for q = 0, namely sin(v/Âï)/\/Â, and the eigenvalues 
IXj are the roots of the entire function 2/(1, A), so /ÀJ ~ j2U2. With a bit 
more work, one may show that if q € L2, /Xj — j2H2 — f0 q(x) dx is a square-
summable sequence. 

Viewing iin as a function of q G L2, one may also compute its gradient. 
This is the function dfj,n/dq(t) such that 

i^(q + ep)\e=o = fo
1§^yP(t)dt 

for all p G L2. A formal calculation, which may be rigorously justified, 
shows that d/jLn/dq(t) = <72(£)> where gn(t) is the normalized eigenfanction 
(Jo 9n(t)dt = 1, 9f

n(0) > 0) for the eigenvalue / in . Formally, solving 

~9n + {Q + £P)9n = »n{q + 6p) Qn 

to first order in e (the linearized equation) gives an equation for the derivative 
of gn with respect to q in the direction p. With z denoting that derivative, 
the equation is: 

-z" + qz + pgn = Mn* 4- -7-Vn{q + ep)U=o 0n-


