
BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 19, Number 2, October 1988 

FROM VANISHING THEOREMS 
TO ESTIMATING THEOREMS: 

THE BOCHNER TECHNIQUE REVISITED 

PIERRE H. BÉRARD 

Dedicated to Marcel Berger on his 60th birthday 

CONTENTS 

Introduction 
Organization of the paper 
Sections 

A - Basic Riemannian geometry 
B - Examples of vanishing and estimating theorems 
C - More Riemannian geometry 
D - Proof of Theorem II 
E - Bochner's theorem and estimating theorems in a more general setting 
F - Proofs of the estimating theorems (sketch of) 
G - From vanishing to estimating theorems : an account 
H - Possible extensions of the methods 
I - Final comments (geometric vs. analytic methods) 

Appendices 
I - The isoperimetric profile 

II - Using P. Li's lemma 
III - Application of D. Meyer's lemma 
IV - Using the heat equation 
V - J. Moser's iteration scheme 

VI - Sobolev embedding constants 
VII - Symmetrization of elliptic or parabolic inequalities 

References 

Introduction. In the 1940s, S. Bochner devised an analytic technique to 
obtain vanishing theorems for some topological or geometric invariants (e.g. 
Betti numbers, the dimension of the vector space of Killing vector-fields) on 
a closed (i.e. compact without boundary) Riemannian manifold, under some 
curvature assumption. 

As a matter of fact, the word technique might be misleading. On the 
one hand it is not so easy to explain the technical details of the proofs in 
which S. Bochner's ideas are used and this is not our purpose here; on the 
other hand, the ideas are quite simple. Indeed, the basic idea is to show 
that some object (a harmonic form in the case of Betti numbers, a Killing 
vector-field,... ) satisfies an elliptic inequality, provided that some curvature 
assumption is satisfied. The proofs then reduce to applying the maximum 
principle or to integrating over the manifold. 
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The purpose of the present paper is two-fold: 
(1) we want to describe some recent extensions of the Bochner technique; 

indeed, the original vanishing theorems have recently been generalized (in a 
rather general framework) to estimating theorems (see §B for a typical state­
ment and §E for the main results); 

(2) we also want to describe some technical tools involving analysis on a 
Riemannian manifold and isoperimetric inequalities: they might indeed be 
useful in other contexts. 

In order to limit the necessary prerequisites we limit ourselves to the realm 
of Riemannian geometry (the reader not familiar with the basic concepts of 
Riemannian geometry is referred to §§A and C). A more detailed presentation 
of the Bochner technique in differential geometry (in particular as applied to 
Kâhler manifolds and to harmonic maps) is given in [Wu]; we refer to [Sil, 
2 and Sh-So] for vanishing theorems in complex geometry. 

The oldest vanishing (and estimating) theorem goes back to C. F. Gauss 
and O. Bonnet for compact oriented Riemannian surfaces without boundary. 
For such a surface, 

ƒ K(m) da(m) = 2TTX(M) 
JM 

where K is the Gaussian curvature (the product of the principal curvatures; 
see also §A), da is the natural element of area on M and x(M) is the Euler 
characteristic (a topological invariant which is equal to two minus twice the 
number of holes). 

VANISHING THEOREM. If K > 0 and K ^ 0 then x(M) > o, i.e. M is 
homeomorphic to S2. 

ESTIMATING THEOREM, if K > -k and Area(M) < V (k,V positive 
constants) then \x{M)\ < max{l,fcV/(27r)}: there are only finitely many 
surfaces admitting a Riemannian metric satisfying the preceding inequalities. 

By the Gauss-Bonnet theorem the Euler characteristic can be viewed as 
a topological obstruction to the existence of certain Riemannian metrics on 
surfaces (the sphere whose Euler characteristic is 2 does not carry a metric 
with nonpositive Gaussian curvature; the torus whose Euler characteristic is 
0 does not carry a metric with positive Gaussian curvature). 

The Gauss-Bonnet theorem has been generalized to higher dimensions, 
involving certain notions of curvature and characteristic classes [Ko-No]. 

The above estimating theorem has been generalized to higher dimensions 
by A. Weinstein (1967) and J. Cheeger (1970). Given a positive integer n 
and positive constants, V, D, there are up to homeomorphism finitely many 
compact n-dimensional smooth manifolds without boundary admitting a Rie­
mannian metric g such that \ag\ < 1 (the sectional curvature of (M,g)\ see 
§A), Volume(M, g) > V and Diameter(M, g) < D. One can actually count the 
number of homeomorphism types (S. Peters 1984). In particular, any topolog­
ical invariant on an n-dimensional Riemannian manifold satisfying the preced­
ing inequalities is bounded; the topological types involved are not known and 
the finiteness theorem does not provide bounds on the topological invariants 
either. It is therefore natural to look for explicit bounds. 
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Introducing a Hausdorff distance between Riemannian manifolds (compact 
without boundary; this distance generalizes the Hausdorff distance between 
compact subsets of a given metric space), M. Gromov (1980) proved that the 
set of n-dimensional Riemannian manifolds which satisfy the assumptions of 
the Cheeger-Weinstein finiteness theorem is compact. Under weaker assump­
tions (a lower bound on the Ricci curvature—a mean value of sectional curva­
tures; see §A—and an upper bound on the diameter) M. Gromov also proved 
a precompactness theorem for the Hausdorff distance between Riemannian 
manifolds. It is again natural to try to bound the topological or geometric 
invariants under geometric assumptions (i.e. on curvature, diameter, volume, 
dimension...). 

The estimating theorems which are described in §E give a partial answer to 
this problem^ in particular they give bounds on the Betti numbers depending 
on n (dimension), 1 (an upper bound on \ag\ by scaling) and D (an upper 
bound on the diameter). 

For more details on the topics of finiteness theorems and compactness the­
orems we refer to [Pa and Sa]. 

Organization of the paper. Basic notions from Riemannian geometry 
are given in §§A and C. We then start from two examples of vanishing the­
orems (both due to S. Bochner): Theorems I and II in §B; we explain their 
geometric meaning, relate them to natural problems and we state a first in­
stance of an estimating theorem: §B, Theorem III. The proof of Theorem II 
is sketched in §D. 

In §E we describe a general setting and a general vanishing theorem of 
Bochner type (Theorem IV). Natural questions are asked which lead us to our 
general estimating theorems (Theorems V and VI). Proofs are sketched in §F. 
Behind the ideas of the proofs there are also some techniques which might 
be useful elsewhere. These techniques and the detailed proofs of Theorems V 
and VI (§E) are described in several appendices which are quite independent 
from the main text. 

§§G and H give respectively a historical sketch and possible extensions of 
the methods we describe in this paper. 

In §1 we sketch a comparison between analytic techniques and geometric 
techniques in the part of Riemannian geometry dealing with curvature and 
topology. 

In an attempt to make this text usable by nonspecialists, including graduate 
students, we have provided §§A and C (topics from Riemannian geometry) 
and we have tried to give complete proofs (Appendices) or references. 

ACKNOWLEDGEMENT. This paper grew out of lectures given in Brazil 
in August 1985. I would like to thank the colleagues, both in Brazil and in 
France, who helped me turn a rough set of notes into a paper; special thanks 
are due to G. Besson and J. P. Bourguignon. 

I gratefully acknowledge the financial support of Brazil's CNPg (at IMPA) 
and France's CNRS during the preparation of this paper. 

A. Basic Riemannian geometry. In this section we recall some basic 
concepts in Riemannian geometry. We need them to state the vanishing and 
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estimating theorems we will deal with in this paper. Further concepts will be 
introduced when we sketch the proofs (§C). Possible references are [B-G-M, 
Che-Eb, Sa]. 

Let (M, g) be a Riemannian manifold, i.e. a manifold1 M with a Rieman-
nian metric g: a collection of inner products; gx is an inner product in the 
tangent space TXM, depending smoothly on the point x. 

A nice example of a Riemannian manifold is that of a submanifold M in 
Euclidean space with Riemannian metric gx in Tx M induced by the Euclidean 
inner product. 

The Riemannian distance between two points x and y in M is defined to be 
the infimum of the length (w.r.t. g) of the curves from x to y. The diameter 
D(g) of (M, g) is the diameter of M for the Riemannian distance. 

The geodesies are the curves which satisfy the Euler-Lagrange equation of 
this minimization problem: they satisfy a second order nonlinear differential 
equation on M. In particular, given any point x in M and any unit vector u 
in TXM, there is one and only one geodesic cx,u parametrized w.r.t. arc-length 
such that cX}U(0) = x and cXiU(0) = u (such a geodesic is defined for all values 
of t when M is closed). We define the exponential map exp^ from TXM to M 
by expx(tu) = cXyU{i), for any nonnegative t and any unit tangent vector u in 
TXM. The exponential map is a local diffeomorphism from a neighborhood of 
0 in TXM onto a neighborhood of x in M (w.r.t. the Riemannian distance): 
indeed, its derivative at 0 is the identity map. 

An isometry between two Riemannian manifolds (M, g) and (AT, h) is a map 
which induces linear isometries between the tangent spaces w.r.t. the inner 
products g and h respectively. The various notions of curvature measure how 
the exponential maps differ from being isometries (at least locally). Let P be 
a 2-plane in TXM. Given a small enough r, consider the image under expx of 
the circle of radius r and with center 0 in the plane P. This is a closed curve 
in M whose length we denote by L(r). When r goes to zero, we have Puiseux' 
formula 

L(r) = 27rr(l - ^ , F ) r 2 + 0(r3)) . 

The number o~(x,P) is called the sectional curvature of the 2-plane P a t x. 
If (M, g) is an immersed surface in R3 , with induced metric in each tangent 
space, the sectional curvature of the tangent plane coincides with the Gaussian 
curvature of the surface (i.e. the product of the principal curvatures). 

It is clear that the sectional curvatures of the Euclidean space R n are 
constant equal to 0. The sectional curvatures of the sphere Sn of radius one 
in R n + 1 , with induced metric, are constant equal to +1 (indeed the curve 
considered above is always an ordinary circle with radius sinr). Here is an 
example of a Riemannian manifold with sectional curvatures —1. Let (Hn,gH) 
be the ball of radius 2 in R n , with the metric gH(U, V) = (l- \x\2/4)~2{U, V) 
at the point x, where (U,V) is the Euclidean inner product of the tangent 
vectors U and V and |x| is the Euclidean norm of x. It is not difficult to check 

1 Throughout this text we will use the word "manifold" as a short cut for "closed, 
connected, smooth n-dimensional manifold", except in very few instances in which the 
context will be clear. Closed means compact without boundary. 



THE BOCHNER TECHNIQUE REVISITED 375 

that the geodesies issued from 0 are carried by the Euclidean lines through 0 
and that the sectional curvatures at 0 are constant equal to —1. As a matter 
of fact, (Hn,gH) has constant sectional curvatures equal to - 1 because the 
homographies form a transitive group of isometries. 

A Riemannian manifold is also equipped with a natural Riemannian mea­
sure vg whose expression in a local coordinate system {xi} is det (^) 1 / 2 dx, 
where dx is the Lebesgue measure and where g^ = g(d/dxi,d/dxj). The 
volume of (M, g) is denoted by V(g) (= fM dvg). 

In order to be able to state our vanishing theorems, we need another notion 
of curvature which we now define. We can write the pull-back exp* vg of the 
Riemannian measure vg by expx in polar coordinates in TXM: exp* vg = 
0x(t, u) dt du, where t > 0, u is a unit vector and du is the canonical measure 
on the unit sphere. When t goes to zero, we have the formula 

ex(t,u) = tn-1(i-yx(u)t2 + o(t3)). 
The number px(u) is a quadratic form on TXM which defines a symmet­
ric bilinear form called the Ricci curvature, Ricg, of M at the point x. If 
{u, e2 , . . . , en} is an orthonormal basis in TXM and if Pi is the 2-plane spanned 
by u and e ,̂ we also have the formula 

n 

Ricg(u,u) = y^a(x,Pj). 

Further concepts from Riemannian geometry will be introduced in §C. 
Let us for the moment proceed with examples of vanishing and estimating 

theorems. 

B. Examples of vanishing and estimating theorems. 

THEOREM I [Bo, Bo-Ya]. Let (M,g) be a Riemannian manifold. 
(i) If the Ricci curvature of M is nonpositive, then the dimension of the 

vector space of Killing vector-fields is less than or equal to the dimension of 
M. 

(ii) If the Ricci curvature of M is nonpositive and negative definite at some 
point, then there are no nontrivial Killing vector-fields. 

Recall that a Killing vector-field on a Riemannian manifold is a vector-field 
which generates a one-parameter group of isometries. 

THEOREM II [Bo, Bo-Ya]. Let {M,g) be a Riemannian manifold. 
(i) If the Ricci curvature of M is nonnegative then the first Betti number 

of M is less than or equal to the dimension of M. 
(ii) If the Ricci curvature of M is nonnegative and positive definite at some 

point then the first Betti number is equal to zero. 

Recall that the first Betti number is equal to the dimension of the quotient 
vector space of closed differential 1-forms modulo exact 1-forms; this is a 
topological invariant (which is twice the genus in dimension two, i.e. twice the 
number of holes). 

CONSEQUENCES. (I) Under the assumption of Theorem I(i) we see that the 
(compact) Lie group Isom(M, g) of isometries of (M, g) has dimension r not 


