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A CRITIQUE OF NUMERICAL ANALYSIS 

PETER LINZ 

1. Introduction. In this essay I want to raise the question "Is numerical 
analysis useful?". Most mathematicians, even those without any involvement 
in numerical computations, will think that the answer is obviously yes. It 
is common knowledge that computational methods are used daily by many 
members of the scientific community to solve problems that otherwise defy 
treatment. How can one seriously question the usefulness of something that 
has become a standard tool for many people? 

To give substance to the question let me make a semantic distinction. I use 
the term computational mathematics to denote the wide spectrum of activities 
having to do with the approximate solution of scientific problems expressed 
through mathematical models. Typically, the equations arising from these 
models are differential or integral equations with no known closed form solu­
tion. For an approximate solution they must be discretized, that is, replaced 
by some finite system of equations that can be solved by algebraic methods. 
The whole process involves several phases and some quite distinct aspects. 
One is numerical methodology which considers ways of discretizing differential 
and integral operators and how best to solve the resulting finite systems. An­
other is numerical analysis which involves the rigorous study of the algorithms 
created by the methodology. The primary goal of analysis is to describe the 
relationship between the exact solution of the original equation and the ap­
proximate one obtained from its discretized version. It is numerical analysis 
in this narrower sense that I wish to examine here. 

Even with this narrowed interpretation, the usefulness of numerical analysis 
is rarely questioned. Those who work in this area point out, with a great deal 
of justification, that analysis gives much insight into the nature of numerical 
methods and has contributed significantly to the widespread acceptance of nu­
merical methodology. While some computational methods, such as relaxation 
and finite element techniques, were originated by engineers relying on physical 
insight, later analysis was crucial. Methods limited to special problems be­
came general approaches as our theoretical understanding increased. In other 
instances the analysis suggested new methodologies. Numerical analysis has 
been instrumental in the design of effective numerical algorithms, and the ef­
fort expended has been repaid handsomely through the creation of a powerful 
tool for the solution of many important problems. Nevertheless, as I want to 
point out, this is not the end of the story. There are some fundamental issues 
that have been studied less thoroughly then they deserve, issues that grow 
in importance as scientists tackle more complex problems. There are open 
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problems here whose solution would have a major impact on computational 
mathematics. I will suggest some promising directions for further work, al­
though I do not mean to imply that these are the only ones worth pursuing. 
What I want to emphasize is that there are unresolved questions in numerical 
analysis whose solutions call for a great deal of mathematical knowledge and 
ingenuity and which constitute a challenging and attractive research area. 

The discussion will concern itself mostly with very fundamental and broad 
issues, which are "soft" in the sense that one cannot prove many theorems 
about them. But if we want to claim that numerical analysis is truly useful 
we must look at all relevant questions, even when immediate and very precise 
answers are not yet available. 

2. Convergence analysis. First, let us look at a sort of capsule summary 
of the accepted modus operandi of numerical analysis. Modern numerical 
analysis tends to employ the terminology of functional analysis. In articles 
published in typical journals such as the SI AM Journal on Numerical Analysis 
or Numerische Mathematik, one routinely finds terms like Hilbert spaces, 
compact closure, and weak convergence. These concepts serve the theoretician 
well and have allowed the establishing of a coherent and extensive theory of the 
approximate solution of operator equations. While most articles on numerical 
analysis are technically difficult for those with only a modest knowledge of 
mathematics, one can extract some fairly simple general principles. I will 
illustrate this with the linear operator equation 

(1) Lx = y, 

where L: X —• Y is a linear operator between the normed linear spaces X 
and Y. The right side y is given and the equation is to be solved for the 
unknown x. We assume that L has a bounded inverse on Y. Many important 
scientific problems whose mathematical formulation involves linear differential 
and integral equations fall into this class. There are problems that do not fit 
into this abstract framework, but what I say here about (1) has its counterpart 
for most other numerical problems. 

In the process of discretization, equation (1) is replaced with a parametrized 
sequence of problems 

(2) Lnxn = yn, 

where now Ln is an operator on some n-dimensional spaces Xn and Yn. For 
simplicity, let us assume that these spaces are subspaces of their counterparts 
X and Y. The quantity n is called the discretization parameter, it measures 
the degree to which the discretized operator Ln represents the original oper­
ator L. 

Since Ln is effectively an n x n matrix, it is in principle possible to solve 
(2) algebraically. Ignoring such additional difficulties as round-off error in 
computer arithmetic, solving (2) then gives the approximate solution xn. The 
fundamental concern of all analysis is the relation between the true solution x 
and its approximation xn. In particular, we would like to prove convergence. 
By this we mean that, as we increase n, the approximate solution should come 
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closer and closer to the true solution, in the sense that 

lim \\x — xn\\ = 0. 
n—»>oo 

Usually, the first step of the analysis is to define a consistency error 

(3) rn(x) = Lx - Lnx. 

From (1) and (2) we see immediately that 

Ln(x -xn) = y-yn- rn(x), 

and we get a bound for the error of the approximate solution 

(4) l | x - x n | | < | | J L - 1 | | { | | 2 / - j / n | | + | | r n | | } . 

In most cases it is relatively elementary to show that 

(5) lim | | y - y B | | = 0 , 
n—•oo 

and that, under well-defined conditions, 

(6) lim | | r n | | = 0 . 
n — • < » 

We need one further result, the stability condition 

(7) lim \\L^\\<K <oo. 
n—•oo 

If we put this into (4), we get the central theorem of numerical analysis that 
stability and consistency imply convergence. 

This, in a nutshell, is what conventional numerical analysis is all about. 
Because of technical difficulties, there are lots of unresolved problems, but 
most of the difficulties in analysis come in verifying the stability condition 
(7). Generally, this is not easy at all. There are other questions, for example 
how difficult it is to solve (2) or how quickly xn coverges to x, but normally 
these are simpler to deal with than stability. 

Suppose now that we have shown that a numerical method is stable and 
convergent. What does this tell us? It does show that, in some asymptotic 
sense, the method works. If the assumptions needed to justify (5) and (6) 
hold, then (4) and (7) tell us that we can in principle achieve arbitrarily high 
accuracy by making n sufficiently large. Before we start writing a computer 
program for some method, it is reassuring to know this (even though programs 
for most complicated practical problems are written without the benefit of a 
proof of convergence). Actually, we can often say more. In most cases the 
approximation error can be bounded more explicitly as 

(8) \\x-xn\\<n-P\\L-l\\r,{x), 

where rj is some complicated functional of the unknown solution x. The 
quantity p is called the order of convergence and tells us something about 
how accurate the method is likely to be. For a given amount of computational 
effort, a method with a high order of convergence tends to give better results 
than one with a low order. This is balanced by the fact that high order 
methods usually are more restricted in their applicability and more difficult 
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to implement. While there are a number of less obvious factors involved in (8), 
this kind of reasoning is often used and is a reliable guideline for the selection 
of numerical methods. Thus, a major usefulness of convergence analysis is as 
a plausible predictor for the success of a suggested algorithm. This is a very 
valuable aspect. 

But there are other important concerns that (8) does not address. In par­
ticular, it may not give us a useful bound for the error ||x — xn | |. The reason 
for this is two-fold. First, rj involves the unknown solution x, so to bound 
||x — xn | | we may need to know a good deal about x; for example, bounds 
for some of its higher derivatives. In most practical situations, this is nearly 
impossible to get. Second, even if rj can be bounded, the various inequalities 
and estimates involved make the bound (8) quite unrealistic, overestimating 
the actual error by several orders of magnitude. Consequently, (8) is rarely 
used in practice. While there are many computer programs for solving com­
plicated equations efficiently, few of them provide a rigorous assessment of the 
error. 

3. Useful error analysis. Suppose we now set ourselves a goal that goes 
beyond the traditional convergence analysis as exemplified by (8), to get error 
bounds that can actually be used in practical situations. If such error bounds 
are to be useful, they must be both computable and realistic. These adjectives, 
while quite intuitive, do not lend themselves to a very precise definition. They 
are of course just matters of degree. An error bound is computable if all 
terms needed for it can be obtained with a manageable amount of effort; it 
is realistic if it does not overestimate the actual error by too much. An error 
bound which is too high by 50 percent may be considered realistic, one which 
overestimates by a factor of 100 surely is not. Still, by any commonly accepted 
standards, the bound given by (8) is in most situations neither computable nor 
realistic. But if we look for better alternatives, we find little in the literature 
of numerical analysis that will help us. There does not exist at present any 
systematic and general way of finding computable and realistic error bounds. 
A potential exception is the method of a posteriori error analysis, but even 
this has not been worked out to any significant extent. 

The bound provided by (8) is of limited use because it involves the unknown 
x. We can avoid the difficulty by making an a posteriori analysis which uses 
instead the computed solution xn . Manipulating (1) and (2) in a slightly 
different way, we can see easily that 

(9) l lx-XnlIfÇlIL-lll^H, 

where pn is the residual of the computed solution 

Pn{xn) = Lxn ~y. 

It is often not hard to produce a reasonably good bound for ||pn||; we simply 
plug the computed solution back into (1) to see how well it fits. Putting a 
realistic bound on ||Z/_11| is more difficult and is the key element on which the 
success of the a posteriori analysis depends. 

The a posteriori method is quite old and what I have said here is elementary 
and well known. What I find surprising is that it is used so little. I have been 
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unable to find any reference to it in introductory numerical analysis texts, and 
even more advanced treatments, such as Isaacson and Keller [2], refer to it only 
casually. The reason for this seems to lie in the perception that getting good 
bounds on H^"1!! is impossible. The problem is certainly not a trivial one, 
but there are some recent indications that progress is possible. Analysis done 
on finite element methods, for example [1, 9], has had some success for elliptic 
partial differential equations. In my own work I have used a combination of 
analytical and numerical techniques for the solution of integral equations [4, 
5]. Since many partial differential equations have integral equation analogues, 
this has some promise for future progress. But certainly much more work 
needs to be done and the finding of effective methods for bounding | | £ - 1 | | for 
the most common equations of mathematical physics remains a challenging 
open problem. 

I hasten to add that I do not see the a posteriori method as a panacea for 
numerical computation. It certainly has the attractive feature of conceptual 
simplicity, important if it is to be used in practice. It holds enough promise 
to make its further pursuit worthwhile, but it is unlikely that it can be used 
everywhere. There are other approaches that remain to be investigated or 
even invented. We do not know exactly where this will lead, but what is 
important is to recognize the existence of a serious problem in computational 
mathematics. The lack of realistic and computable error bounds prevents 
the design of very high-quality numerical software and makes it difficult for 
the user of existing software to view the results with a very high degree of 
confidence. This lack of reliability causes much wasted time and effort and on 
occasions results in undetected erroneous answers. There is an urgent need 
in computational mathematics for effective methods of obtaining useful error 
bounds. Success in this direction would have immediate drastic effects on how 
scientists solve numerical problems. Without significant progress, numerical 
computing will remain in its present unreliable state. 

I am optimistic that some progress can be make and that a concerted effort 
in this direction will yield rich results. Nevertheless, it would be unrealistic to 
expect that rigorous and useful error bounds can be obtained for all problems. 
There will always be those problems that we are just barely able to solve and 
for which we have no hope of any significant analysis. What do we do in 
these cases? Here we enter a third area of computational mathematics, that 
of numerical pragmatics. This deals with the problem of making practical 
decisions where precise theoretical guidance is not available. 

4. Numerical pragmatics. Many people, some of them with rather weak 
backgrounds in mathematics, solve problems numerically. This is possible be­
cause, on the whole, numerical methodology is easy to use. The discretization 
of even very complex partial differential equations by finite difference or finite 
element methods is relatively routine. Often the most challenging problem is 
the management of details involved in representing regions, finite elements, 
sparse matrices, and so on. In some situations stability problems arise, but 
there the stability analysis for simple problems gives enough guidance for the 
successful treatment of more complicated ones. With a little tinkering, an 


