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TOPOLOGICAL TYPES AND MULTIPLICITIES 
OF ISOLATED QUASI-HOMOGENEOUS 

SURFACE SINGULARITIES 

STEPHEN S.-T. YAU 

ABSTRACT. TWO germs of 2-dimensional isolated quasi-homogeneous 
hypersurface singularities have the same topological type if and only 
if they have the same characteristic polynomial and the same funda­
mental group for their links. In particular, multiplicity is an invariant 
of topological type, an affirmative answer to Zariski's question in this 
case. 

Let (V, 0) and (W, 0) be germs of isolated hypersurface singularities in 
C n + 1 . We say that (V, 0) and (W,0) have the same topological type if there 
is a germ of a homeomorphism from ( C n + 1 , V,0) to ( C n + 1 , W, 0). In his re­
tiring Presidential address to the American Mathematical Society in 1971, 
Zariski asked whether (V, 0) and {W,0) have the same multiplicity if they 
have the same topological type. He expected that topologists would be able 
to answer his question in relatively short order. However the question ap­
pears to be much harder than what Zariski thought. Even special cases of 
Zariski's problem have proved to be extremely difficult. Only recently Greuel 
[4] and O'Shea [14] proved independently that topological type constant fam­
ilies of isolated quasi-homogeneous singularities are equimultiple. For quasi-
homogeneous surface singularities, Laufer [5] explained the constant multi­
plicity for a topological type constant family of singularities from a different 
viewpoint. However it is not known whether two quasi-homogeneous singu­
larities having the same topological type can be put into a topological type 
constant family. Let (V, 0) be a dimension two isolated hypersurface singu­
larity. Lê and Teissier [8] observed that A'Campo's work [1] can often be 
used to give positive results towards Zariski's question. Let C(V,0) be the re­
duced tangent cone. Let PC(V, 0) denote the hypersurface in CP2 over which 
C(V, 0) is a cone. Then, the work of A'Campo shows that the multiplicity 
of (V, 0) is determined by the topological type of (V, 0) in case the topolog­
ical Euler number x (PC(^0) ) is nonzero. The same arguments also show 
that, for isolated hypersurface two-dimensional singularities, the embedded 
topology and the multiplicity determine x(PC(^0)))- However, so far, by 
using A'Campo's result, one can only prove that a surface in C 3 having at 0 
a singularity of multiplicity 2 cannot have the same topological type at 0 as 
another surface of multiplicity different from 2. 
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For plane curve singularities, the Zariski question was known to be true. 
The reason that the Zariski question could be answered was that the topolog­
ical types of plane curve singularities were well understood (see [2, 3, 9, 16, 
19, 22]). 

Let (V, 0) be an isolated hypersurface singularity in Cn+1 defined by the 
holomorphic function ƒ : (C n + 1 ,0) -+ (C,0). Then the link of (V,0) is Kv = 
g2n+i p| y w h e r e S^n+i j s foe (2n + l)-sphere of radius e centered at the 
origin and e > 0 is sufficiently small. It is known that TTI(KV) depends only 
on the topological type of (V,0) [6, 10]. 

Let 0 < S < e < 1. We define 

T={teC: \t\<6}, B = {zeCn+1: |^o|2 + • • • + \zn? < e}, 

x = B n /_1(T), x(t) = Bn f1^). 
Milnor proved that ƒ : X\X(0) —• T\{0} is a locally trivial smooth fiber bun­
dle and the fiber has the homotopy type of a bouquet of n-spheres. The 
generator of 7Ti(T\{0}) (represented by a counter-clockwise oriented circle 
around the origin) induces the monodromy automorphism h: H*(X(t), C) —• 
H*(X(t),C). Let A\r{z) denote the characteristic polynomial Ay (2) = 
det{zl - ft*) of the linear transformation ft*: Hn(X(t),C) -> Hn(X(t),C); 
Ay (z) is an invariant of topological type of (V, 0) [6]. Recall that a hyper­
surface singularity (V, 0) = {(zo,..., zn) : ƒ(zo, •. • ,zn) = 0} Ç C n + 1 is quasi-
homogeneous if ƒ is in the Jacobian ideal of ƒ, i.e., ƒ G (df/dzo,..., df/dfn). 
The main purpose of this note is to announce the following results. 

THEOREM A. Let {V,0) and {W,0) be two isolated quasi-homogeneous 
surface singularities in C 3 . Then (C3,V,0) is homeomorphic to (C3,W,0) if 
and only if iri(K\r) — TTI(KW) and Ay (2) = A^(^) . 

A polynomial ft(zo, • • •, zn) is weighted homogeneous of type (wo,..., wn), 
where (wo,. . . , wn) are fixed positive rational numbers, if it can be expressed 
as a linear combination of monomials Z^ZQ1 • • • z\? for which io/wo + • • • + 
in/u)n = 1. (web • • •, wn) is called the weights of ft. As a corollary to the proof 
of Theorem A, we have the following corollary. 

THEOREM B. Let (V, 0) be an isolated quasi-homogeneous surface sin­
gularity defined by a weighted homogeneous polynomial in C 3 with weights 
{wo,wi,W2). Then the topological type of (V,0) determines and is determined 
by its weights (wo,u>i,W2)-

The following theorem solves the Zariski question completely in the case of 
quasi-homogeneous surface singularities in C3 . 

THEOREM C. Let (V,0) and (W,0) be two isolated quasi-homogeneous 
surface singularities in C 3 . If (C3,V, 0) is homeomorphic to (C3,W, 0) as a 
germ, then V and W have the same multiplicity at the origin. 

SKETCH OF THE PROOF OF THEOREM A. Suppose that a real manifold 
B of dimension m and a family {(M*, Nt) : t E ü?, Nt is a closed submanifold 
of a compact differentiate manifold Mt} are given. We say that (Mt,Nt) 


