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A knot is an embedded circle in the three-sphere. The simplest example 
of a knot is the ordinary overhand knot or trefoil (Figure 1); another is the 
figure eight knot (Figure 2). The trefoil and figure eight are clearly different 
(not isotopic), and both are obviously knotted (not isotopic to the unknotted 
circle or unknot (Figure 3)). 
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It is difficult, however, to prove this. Knots were in fact one of the testing 
grounds of early twentieth-century topology. A number of invariants were 
invented to distinguish knots. One such invariant is the Alexander polynomial; 
for the trefoil, this polynomial is t2 — t + 1 , for the figure eight it is t2 — 3t + 1 
and for the unknot it is just 1. Hence these two knots are different, and both 
are knotted. Another invariant is the fundamental group of the complement of 
a knot. There are classical algorithms for computing this group, which tends 
to be rather large, and its many invariants, one of which is the Alexander 
polynomial mentioned above. More complicated is the study of a link, an 
embedded collection of circles in the three-sphere. The complication comes 
from the fact that the individual circles can not only be knotted, but also 
linked with each other. Many of the invariants of knots have more complicated 
analogues for links, together with strenuous algorithms for their computation. 

A complex plane algebraic curve is the locus of zeros in two-dimensional 
complex space of a polynomial of two variables. In general, this locus will be 
a smooth one-dimensional complex manifold, but at certain isolated points it 
may have a singularity. The topological structure of these singularities has 
been known for some time, and is not too complicated. Consider a small 
four-ball in the complex plane with center the singular point of the curve. 
This four-ball is of course a cone on its boundary, a three-sphere. The curve 
intersects this three-sphere in a smooth (real) one-dimensional object, which 
is thus a knot or link in this three-sphere. Furthermore, inside the ball the 
curve is topologically the cone on this intersection. Thus singularities of plane 
curves give links; these are called algebraic links. The topological invariants of 
these discrete objects are essential to the algebraic study of curve singularities. 
Indeed there are classical algorithms connecting the polynomial, the resolution 
of the singularity, and the structure of the link. Some of these algorithms are 
beautiful, some less so; almost all are messy, and easily forgotten. 

It is difficult to imagine that much more could be said about this subject. 
However, during the last twenty years there have been some new develop­
ments. Three-manifold topology has made tremendous advances, mainly due 
to the work of Thurston. There is now a conjectural decomposition of a three-
manifold into pieces, each of which has a geometric structure; these geometric 
structures are of eight fairly well-understood types. Another surprising dis­
covery had been made earlier by Milnor, who found that the complement of an 
algebraic link is a fiber bundle over the circle, the fibers being two-manifolds 
with boundary the link. Hence a number of new invariants appeared, and 
these needed to be related to the decomposition described above as well as 
the invariants of curve singularities described earlier. Straightening out the 
old material, explaining the new and fitting both together thus provided am­
ple subject matter for a book. Still, this process could have been routine; but 
fortunately Eisenbud and Neumann found beautiful connections among these 
topics and contributed new ideas as well. 

The fundamental construction on links presented in the book is called splic­
ing. This concept is quite easy to define: First, the class of links should be 
enlarged to include not just those in ordinary spheres, but in homology spheres 
as well. (A homology sphere is a topological space with the homology of a 


