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compactified moduli space, spaces of Kleinian groups, and applications to 
topology, geometry, and physics, in addition to some of the topics discussed 
in the last paragraph) is a sign of the vitality of the subject. 
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A submanifold of any Euclidean space has an induced metric structure, 
and it is natural to wonder about the converse: Can a given Riemannian 
structure on a manifold Mn be induced by an embedding of M into some 
Euclidean space EN? The search for local and global isometric embeddings 
has been fruitful for mathematics. However the three major advances in the 
local theory have been relatively inaccessible even to many workers in the 
field. 

In terms of partial differential equations, the local embedding problem 
reduces to solving 

(1) L^7^- = ^ 
where (g%j) is a positive definite, symmetric n x n matrix. 

When n = 1 such a solution clearly exists, and one may take N = 1. For 
n = 2 there are many special results, some of which are old [We] and others 
quite recent [Li]. The basic question is still open: Can every two-dimensional 
C°° Riemannian manifold be locally isometrically embedded in E3? 

Notice that (1) becomes determined, in the sense that the number of equa­
tions equals the number of unknowns, when N = | n ( n + 1). Most of our 
discussion will be for this dimension. Also notice that not even the case 
where g^ is real analytic is immediate. The difficulty, in classic PDE terms, 
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is that every hypersurface is characteristic for (1). So the Cauchy-Kowalewski 
theorem cannot be invoked at once. One approach, first used by Janet, is to 
differentiate (1) to obtain a second-order equation such that {xn = 0} gives a 
noncharacteristic hypersurface. The Cauchy-Kowalewski theorem may then 
be applied for any analytic initial data. Correct choice of this initial data, 
which means solving the isometric embedding problem in one lower dimension, 
leads to a solution of (1). 

Janet's proof was complete only in the case n = 2. As he noted, there 
remained in higher dimensions an algebraic difficulty to be resolved. This 
was done by Burstin [Bu]. A somewhat different proof, based on [Jal], can 
be found in Spivak's Differential geometry [Sp, pp. 216-225]. (In fact, as we 
shall point out, several sections of [Sp] can be used to provide background for 
a study of the book under review.) 

A year after Janet's paper, Cart an published a proof based on his theory 
of differential forms. Nowadays, we think of his proof as an application of the 
Cartan-Kaehler theorem (although in fact he used earlier results, see below). 
Later we state the Cartan-Kaehler theorem, but its statement never reveals 
its basic nature as a methodical approach to real analytic (Cw) geometric 
problems to which the Cauchy-Kowalewski theorem does not immediately 
apply. So the proofs of Cart an and Janet have something in common. 

The proof of Cartan is the more interesting and influential. However, it 
was probably not widely understood at the time. It might not be out of place 
here to quote two general remarks about Cartan's work. 

"I must admit that I found the book, like most of Cartan's papers, hard 
reading." ([Wy], the book is La theorie des groupes fini et continus..., and 
the reference is due to [CC].) 

"Cartan is the greatest differential geometer of the previous generation. 
Few have read his works, many pretend to have read them and every one 
agrees that every one should read them. I get shell-shock every time I try." 
[Sp, p. 611] 

The next major advance did not come until the work of Nash in 1956 
[Na]. Here was a paper far more challenging to understand than Cartan's! 
Undoubtedly, the majority of mathematicians who tried to read this paper 
were unable to do so. But as its techniques were understood and simplified, 
as in [Sc, Mo, Gr, Se, Ho, Ha], etc., it became an important result in 
nonlinear functional analysis. Nash's contribution was to handle the C°° 
case (even globally) by taking N large enough. So then the game became to 
understand the C°° case in the same dimension as the Cw, i.e., to establish 
a C°° Cartan-Kaehler theorem. Here we come to the third major advance in 
the local isometric embedding problem. A series of papers by Griffiths and 
his students, Bryant, and others started to solve this C°° problem. Again, 
this advance in the local isometric embedding is marked by inaccessibility 
since it builds upon a deep understanding of Cartan's work and in parts relies 
on heavy algebraic geometry. So, by analogy with the advances of Cartan 
and Nash, we might expect a significant lapse of time before the techniques 
become widely understood. But this book is a start at breaking the analogy. 

The book is an expanded version of the William H. Roever Lectures in 
Geometry given by Phillip Griffiths at Washington University. It lays out 


