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Let k be a commutative field. For an associative k-algebra R with unit,
a representation of R is a k-algebra homomorphism from R to a matrix ring
M, (S) where S is also a k-algebra. To be precise, this is an n-dimensional
representation of R over S. In the historical beginnings of this notion, S
was assumed to be k, but it was soon seen to be useful to allow S to be an
extension of k, chosen perhaps to decompose the representation. When R
is finite k-dimensional and semisimple (the word semiprimitive is also used)
the Wedderburn classification theorem states that R is a direct product of
simple Artinian rings, i.e., those of the form M, (D) for D a skew field (divi-
sion algebra) over k. Thus it is worthwhile to allow S to be a skew field in
the definition of representation. While in the above case D will be finite k-
dimensional, for infinite-dimensional R we may need to allow the most general
notion of representation over any skew field.

Classically, representations R — M, (D) have been considered equivalent if
they are conjugate, i.e., if there is a conjugation (inner) isomorphism of M, (D)
which carries one representation to the other. This is not sufficient in the new
generality: not only might n and D be different for the two representations,
but also the algebra M, (D) may have other isomorphisms. This is even true
for n = 1, so we examine that case.






