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Combinatorics has come of age. Just as most children pay attention pri-
marily to their own interests, so the mathematical endeavor in the early years
produces seemingly unrelated results and problem solutions. Puberty can be
viewed as the beginning of awareness about the rest of the world, and in
mathematics this brings survey articles that pull results together and place
them in a common context. Finally, with maturity comes patience, yielding
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textbooks that enable the casual mathematician to acquire knowledge about
a new area.

Ian Anderson’s Combinatorics of finite sets brings to maturity a small but
elegant area of combinatorics, sometimes called “extremal set theory.” The
primary object of study here is the subset lattice, which is the inclusion or-
dering on the subsets of an n-set. Note that the elements of the order are
the subsets of the underlying set of elements. Extremal set theory focuses on
purely combinatorial extremal problems, particularly those concerning chains
and antichains. In an arbitrary partially ordered set (henceforth poset), a
chain is a pairwise ordered collection of elements, and an antichain is a pair-
wise incomparable collection. Like other special posets, the subset lattice is a
ranked poset, which means it has a well-defined rank function r(z) such that
r(y) = r(z) +1if z < y and there is no element between them. We use Ny to
denote the rank sizes, i.e., the number of z € P with r(z) = k.

Extremal set theory grew from two fundamental results about the problem
of finding a maximum-sized antichain in a poset; this size is called the width
of the poset. In 1928, Sperner determined the maximum-sized antichains in
the subset lattice. If n is even, the unique maximum antichain consists of all
subsets of size n/2, while if n is odd we may take all those of size (n — 1)/2
or all those of size (n + 1)/2, but no combination thereof. More generally,
we say a ranked poset has the Sperner property if its width is maxyN; i.e.,
some single rank forms a maximum-sized antichain. In 1950, Dilworth proved
that the width of any finite poset equals the minimum number of chains
needed to cover its elements. The relationship between these results is that
the Sperner property can be verified by partitioning the poset elements into
maxg Ny chains.

From the mid-1960s to mid-1970s, results poured forth about antichains
and related families in the subset lattice and other special posets. Progress
came from Erdos, Clements, Daykin, Greene, Harper, Hilton, Katona, Kleit-
man, and later Frankl, Griggs, and many others. Many proofs are now known
for the theorems of Sperner and Dilworth, and the different approaches stimu-
lated additional research, including variations of the Sperner property, gener-
alizations to the multiset lattice, which is the same as the divisibility ordering
on the divisors of an integer, and generalizations of these ideas to k-famalies,
which are collections containing no chain of size k + 1. Anderson calls these
collections k-unions, since they are unions of k£ antichains.

The beauty of the results flowing from Sperner’s Theorem is best displayed
by LYM orders. Lubell gave a very short proof of Sperner’s Theorem by a
counting argument over all n! maximal chains in the subset lattice. Each
chain contains at most one element of an antichain, and an element of rank k
lies in k!(n — k)! of these chains. Thus, if an antichain contains ax elements
of rank k, we have ) axk!(n — k)! < nl, or > ax/(}) < 1. Yamamoto and
Meshalkin obtained similar results, and a ranked poset P satisties the LYM
property if the condition Y ax/Nr < 1 holds for any antichain in P. The
LYM property clearly implies the Sperner property. One of Kleitman’s major
contributions was showing the equivalence of the LYM property to two other
conditions. One is the normalized matching property of Graham and Harper,
which requires for each k that |VF|/Ni4+1 > |F|/Nx whenever F is a subset
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of the kth rank and VF are those members of rank k + 1 related to some
member of F. The third condition is the existence of a list of maximal chains
that for each k contain each member of rank k the same number of times,
such as the list of all maximal chains in the subset lattice. Kleitman went on
to show, for example, that every LYM order has the strong Sperner property,
meaning that for any k the k largest ranks form a maximum-sized k-family.
(Anderson does not use this term or strict Sperner property, which describes
posets where all maximum antichains are single ranks.)

The major step of giving shape to the field and presenting it to the rest
of the mathematical world was taken in the classic 1978 exposition by Cur-
tis Greene and Daniel J. Kleitman, Proof techniques in the theory of finite
sets, Studies in Combinatorics (MAA Studies in Mathematics vol. 17), edited
by Gian-Carlo Rota. A later survey by West, Extremal problems in par-
ttally ordered sets, Ordered Sets (I. Rival, ed., Reidel (1982)), took a more
encyclopedic approach, attempting to provide an annotated bibliography of
what was then known. Konrad Engel and Hans-Dietrich O. F. Gronau pro-
vided an extremely thorough book-length treatment of much of this material,
seeking full details and generality, in Sperner theory in partially ordered sets
(Teubner-Texte zur Matematik, vol. 78, 1985). Also worth mentioning is
Combinatorics: set systems, hypergraphs, families of vectors, and combinato-
rial probability (Cambridge Univ. Press, 1986), by Béla Bollobds. Bollobds’s
book has considerable intersection with Anderson’s, and perhaps a similar
intent. The viewpoint is different, interpreting set systems as hypergraphs
rather than posets. Bollobds considers a wider range of questions, but is
considerably more terse.

Until the publication of Anderson’s book, the Greene-Kleitman article re-
mained the physically and mathematically most accessible introduction to this
engaging area. Anderson maintains the successful organization and approach
taken by Greene and Kleitman, but the textbook format gives him room for
both more details and more results. His presentation is patient but not me-
andering. The atmosphere is indicated by the focus on “Proof techniques”
in the Greene-Kleitman title; more important than the most general results
are the various techniques that can be used to prove the fundamental results
and thereby yield extensions. This explains Anderson’s inclusion of multiple
proofs of fundamental results, often in different chapters.

Since the Greene-Kleitman paper has represented this field for so long, let
us consider some ways in which Anderson enlarges upon it. He draws on
the results and new proofs of the past decade that have helped to round out
the field. LYM orders have become so fundamental that discussion of them
is spread throughout the book. Concerning the Sperner property for special
posets, Anderson outlines Shearer’s proof of Canfield’s result that for large n
the lattice of partitions of an n-set is not Sperner, contrary to a conjecture
that stood for ten years.

For posets whose rank sizes Ny form a symmetric and unimodal sequence,
the Sperner property is implied by the existence of symmetric chain decom-
positions. A symmetric chain decomposition of a poset is a partition of it into
chains that hit consecutive ranks and are symmetric around the middle rank.
By Dilworth’s Theorem, the middle rank is thus a maximum antichain, and






