538 BOOK REVIEWS

[W] Hermann Weyl, Inequalities between the two kinds of eigenvalues of a linear transfor-
mation, Proc. Nat. Acad. Sci. U.S.A. 35 (1949), 408-411.

J. R. RETHERFORD
LOUISIANA STATE UNIVERSITY

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 19, Number 2, October 1988
©1988 American Mathematical Society
0273-0979/88 $1.00 + $.25 per page

Selected papers of Errett Bishop, edited by John Wermer. World Scientific
Publishing, Singapore and Philadelphia, xxiv + 414 pp., $56.00. ISBN
9971-50-127-9

In the summer of 1959 I visited the Mathematics Department in Berkeley
for the first time. There was a summer-long seminar in functional analysis
that year, and practically everyone working in Banach algebras and associated
topics spent some time there. I met Errett Bishop at one of the post-seminar
teas, and we talked of problems in several complex variables related to function
algebras. He asked me whether or not I knew if any analytic polyhedron in
a complex manifold of dimension n could be approximated by one defined by
only n functions. I hadn’t a clue, and I asked him why he supposed such a
thing should be true. His answer: “Well, for a projective variety of dimension
n, it is true that almost every projection to P" is of degree n, and that’s really
the same thing for this special case.” I was unable to see the connection, and,
being a brash upstart fresh out of MIT, I assumed that there wasn’t one. We
passed on to a discussion of minimal boundaries; that spring I had studied his
paper on this subject and was very impressed by the appearance of “hard”
analysis in what I thought was a subject in “soft” analysis. I wanted to
calculate the minimal boundary of analytic polyhedra. Errett instantly knew
where I was stuck, and suggested that I needed to understand better how to
cut down representing measures using peak sets.

Several months later, while writing up a set of notes on analytic spaces, I
finally understood Bishop’s connection between generic projections of projec-
tive varieties and (what later became known as) special analytic polyhedra.
I discovered how easy it was to extend known theorems for the polydisc to
analytic covers of the polydisc, and that his idea, if true, amounted to the
assertion that any Stein space could be approximated by analytic covers of
polydiscs! What a potent tool! All theorems proven locally for analytic spaces
by means of the parametrization theorem could now be proven for arbitrarily
large domains on Stein analytic spaces. I called him to tell him about my
discovery. He seemed pleased and interested and added this: “Furthermore,
if I can see how to convert an almost proper map to a proper one, all these
theorems will extend to the whole Stein space, and furthermore, provide an
embedding into C™.” “You mean you can prove Remmert’s theorem?” I
asked. He replied that he thought so.

In that way began one of the most important mathematical friendships of
my career. For most of the following two years, Errett Bishop was a member of
the Institute for Advanced Study, and I was an assistant professor at Princeton
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University. We spent almost every day together discussing complex analysis,
function algebras, and algebraic geometry. At times Errett would say things
that assumed connections I had no idea how to establish. Some time later I
would grasp the significance; once understood, the clarity of his vision would
almost frighten me. Those visions provided me with deep insights into my
own work, and often directed me to the solutions of my problems. Other
times Errett would present a detailed proof to me: the beauty of his logical
precision, and the simplicity of his exposition were striking. In this time I
also learned that when Errett said that he thought he could prove something,
he meant that he could prove it, but that he was not yet happy with the
exposition.

Those days are long gone, and now I am writing a review of his Selected
Papers. These papers have been imprinted in my memory for over twenty
years and it is difficult now to reread them in an attempt to recreate the
freshness and vitality they once had for me. There is an excellent description
of the mathematics of Errett Bishop in the essay in this volume by John
Wermer. The collection of essays in Errett Bishop: Reflections on Him and
His Research [EB], also give a valuable account of his work. I cannot improve
on those articles. Instead, I shall concentrate on the impact of Errett Bishop’s
ideas and way of thinking.

In the sequel I shall be referring to articles which are in this volume as
well as elsewhere. Numbered references are to the bibliography in Selected
Papers (page xxiil), and letter references are to the bibliography to follow.
Originally I compiled a bibliography of works by other authors that were
significantly influenced by Bishop’s work. When that reached eight pages, I
decided instead for a list of works to which reference was made in the text;
the result therefore appears to be a random selection from what was first
intended. I shall quote facts and theorems in an attempt to give a flavor of
what is being asserted, and without proper regard to mathematical accuracy;
I hope that such indiscretions will not offend the experts.

1. Approximation theorems on Riemann surfaces. Let S be a Rie-
mann surface and R an algebra of holomorphic functions on S. Let us assume
that S is R-holomorphically convex; i.e. (although this is not the description
used by Bishop), for any discrete set D on S, there is an f in R such that
f(D) is a discrete set in the plane. It is an easy consequence of Cartan’s The-
orem B that there is an analytic space S’ and a map of S onto S’ which makes
just the point identifications made by R so that R appears as the algebra of
holomorphic functions on S’. This is true in all dimensions, and a proof of
the more general result appears in [16] and [R]. We shall return to this below.
My point here is that in 1957 Theorem B was not the household word it had
become by the early ’60s, and in [2] Bishop gives a function-theoretic proof
of this result. His idea (one already put to good use in another sequence of
papers by John Wermer [W1, W2]) was to concentrate on the measures on
compact subsets of S annihilating R. The characterization of such measures
became a central theme of Errett’s work; in fact, in the whole business of
function theory on Riemann surfaces this became the main issue (for exam-
ple, see Carleson’s proof of the first Mergelyan theorem [C]). Papers [3, 4,
11] are ever-expanding generalizations of the F. and M. Riesz theorem, [17]
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demonstrates that the Rudin-Carleson theorem is a functional-analytic corol-

lary of the F. and M. Riesz theorem, and [5, 10] also proceed along the same
lines.

But in [2], this concentration of attention to annihilating measures pro-
duces in addition a very strong approximation theorem: let S and R be as
above. For C a compact subset of S, let A(C) be the algebra of continuous
functions on C that are analytic at interior points of C. Then there is a finite
number of linear conditions such that every function in A(C) that satisfies
these conditions is approximable by functions in R. This is a generalization
of Mergelyan’s approximation theorem on the plane.

A few years later we could see clearly that Theorem B was hiding in this
paper after all: Lemma (6) (now known as “Bishop’s splitting lemma”) is
dual to the vanishing of the first cohomology group of the structure sheaf (on
S’) associated to R. Vanishing of cohomology is essentially what one needs to
show that what you can do locally can be done globally. Here, the splitting
lemma is the tool that localizes the problem so that Mergelyan’s theorem
can be quoted. Later, the same kind of localization by dualizing Theorem B
appears in the work of Douady [D] and Kerzman [K]. But by the mid '60s
there was already much evidence that the dual approach was powerful in one
complex variable, and it was hoped to be as productive in several variables.
We even spent some idle time talking of homology of cosheaves, but this led
nowhere.

Bishop alludes to this failure in [19] where he points out that “analogous
methods are doomed to failure, as a modification of an example of Wermer
[W 3] will show.” In this paper Bishop reconsiders S and R as above, but this
time he drops the assumption of holomorphic convexity. In the papers [W1,
W2] John Wermer showed how, by concentrating on explicit descriptions of
representing measures, one could construct little pieces of Riemann surfaces
throughout the spectrum of algebras of functions defined by analytic functions
on a Riemann surface. These results lead one to believe that any algebra of
analytic functions on a Riemann surface S can be realized as the algebra of
functions on another Riemann surface S’. Of course now more is involved
than making some identifications; great pieces of S’ need to be constructed
(for example, if R is the algebra of polynomials, and S is any open set in
the plane, clearly S’ consists of S together with all bounded components of
the complement of S). In [19], Bishop shows that this can be done, using
the analysis of representing measures much as did Wermer. In the words of
Bishop: “The present paper carries the theory further in certain directions
than did Wermer’s work and develops some of the material more systemati-
cally. In particular a definitive theorem [that described above] about algebras
of functions on Riemann surfaces is obtained.”

A crucial tool in the construction of analytic structure is to find a function
with discrete level sets (already utilized by Wermer) in the spectrum. Bishop
hoped that this had a generalization to several variables, something like this:
Now if R is an algebra of functions, and F = (f!,..., f¥) is a k-tuple of
functions in R, p a point in the spectrum S of R, and p is an isolated point
of F~1(F(p)), then there is a little piece of an analytic space in S through
p. This is unfortunately untrue, but enough of it appears in [21], providing






